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1.1

1.2

1. Introduction

Implicit form

Among the different representations to describe a quarter of circle (of radius 1 and centered at the
origin), one can use an implicit form using the equation

fxy)=x*+y*—1=0, x>0andy>0

In practice, implicit forms are well adapted for unbounded geometries. On the other hand, given a
point, it is easy to determine if it is on the curve or a surface. Although, this is an important question,
in general, we are interested in geometric manipulations in CAD systems, such as improving the
resolution, smoothness and having local control of a given curve or surface. These properties
are very difficult to ensure when using an implicit form; at the end, a computer needs discrete
values in order to plot or manipulate a CAD object, which is in opposition with the analytical form
represented by an equation.

Parametric curves

Another way of representing a quarter of circle is to consider the parametric curve define in 1.1,
where 0 € [O, %]

(6 [x(@)] _ [COSG] W

sin 0
in which case we can compute its derivative as

(1.2)

&'(0) = [—sine]

cos 0

0
then we get

The tangent at 6 = 0 and 6 = T are then given by ¢"(6 :=0) = [ﬂ and ¢'(60 := %) = [_ 1].

52

Another way to represent the quarter of circle, is to introduce the variable 7 := tan 5,
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Figure 1.1: Quarter of circle of radius 1, using polar coordinates.

the following rational form 1.3, where 7 € [0, 1],

@(t) = [x(t)] - E,f (1.3)

There are different advantages for having a parametric form:

R

Extending a 2D curve to 3D,

Ideal for bounded curves and surfaces,

Natural orientation of curves and surfaces,

Appropriate representation for design on a computer. In some particular cases, the coefficients
in a parametric form possess interesting geometric significance,

Computing a point on a curve is easy, while finding its parametric value is a in general a
non-linear problem,

Notice that in some cases, this representation may introduce singularities that are unrelated to
the described geometry.

Computing the derivatives (tangent or normal vectors at the extremeties) needs an evaluation.
We shall be more interested in representation where such informations can be extracted
directly from the parametric representations.

Although one can use any parametric representation for CAD systems, it is important to restrict
to a representation that is

capable of reproducing a wild class of curves/surfaces

easy to implement

efficient and accurate evaluation

numerical stable evaluation

easy evaluation of points and their derivatives

evaluation complexity of the same or comparable order as polynomials
small memory storage
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Power basis form of a curve

If we restrict our representation to polynomials, one naive way would be to use power basis, i.e.
monomials as in 1.4

a

n
“)=Y ar (1.4)
i=0
a;
where a; = aly are 2D or 3D vectors.
v
i

Using the Taylor expansion, we get €”(t)|,—o = i'a;, which leads to a;, =
direct access to the derivative at ¢ = 0, but only at this point.
The evaluation of such a form can be done using the Horner algorithm as described in 1.5:

% We then have a

C(t)=ao+t(ar+t(ar+1(---+t(an—1+tay)))) (1.5)

Algorithm 1: HORNER: Evaluation of a polynomial defined by its coefficients a at x.

Input :a,x
Output :v

n<len(P)—1

Vv < aln]

fori<n—1t¢t0 0do
| v vx+ali]
end

return v

A Ut AW N =

R) The Horner algorithm is numerically unstable for high degrees, more details can be found in

(71181 [12] [2].

R) The use of power basis form is not suited for shape and geometric design; the coefficients do
not have any geoemtric meaning and modifying them do not allow for a good control of a
curve or a surface,

Problems

Exercise 1.1 Consider the two parametric representations of the circular arc given by Egs. (1.1)
and (1.3). Using Eq. (1.1), compute the curve point at u = 7 and, using Eq. (1.3), the point at
t= % Explain the results. "

I Exercise 1.2 Compute the acceleration vector, ¢ (u), for Eq. (1.1). Explain the result. "

Exercise 1.3 Consider the parabolic arc 6" (u) = (x(u),y(u)) = (=1 — u+2u?, —2u,u?) for
0 <u < 1. Plot the curve %, then apply the transformations
* arotation of 7 about the origin. We recall that the rotation matrix (applied from the left)
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0 -1
1 0
* atranslation with the vector (—1,—1).
Compute the implicit equation of the associated parabola. "

Exercise 1.4 Determine formulas for the number of additions and multiplications necessary to
compute a point on an nth-degree three-dimensional power basis curve. "

Exercise 1.5 Construct a cubic power basis curve with a loop. Hint: think about what end-
points and end derivatives, ¢”(0) and ¢”(1), are necessary. n

Exercise 1.6 Construct a cubic power basis curve with a cusp. Hint: think about ¢”(«) and
€" (u). Sketch what x'(u),y’(u),x" (1), and y” (u) need to look like as functions of u. Determine

a suitable ¢ (u), and then integrate to obtain ¢”(u) and € (u). .
I Exercise 1.7 Construct a cubic power basis curve with an inflection point. "
I Exercise 1.8 Compare the CPU cost for an evaluation for the presented representations. "
I Exercise 1.9 Compute the CPU cost for the Horner algorithm. "
I Exercise 1.10 Write a Python implementation for the Horner algorithm. n

Exercise 1.11 — Parallel evaluation. Let us consider a polynomial P of degree n, defined as
P(t) =Y ,a;it'. Using the form

k—1

P(l‘) = ijPj(xk)

J=0

as a splitting into k independent parts, write a Python code for the parallel evaluation and
compute its complexity. "
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2. Bézier curves

Bernstein polynomials

In 1885, Weierstrass proved that the set of polynomial functions on [0, 1] is dense in % ([0, 1]). In
1912, Sergei Bernstein gave a simple proof to this result by introducing the now-famous Bernstein
polynomials 2.1:

Bl(x) = <Z)xk(1 —x)" % where ke€[0,n] andx € [0,1] (2.1)

In figure Fig. 2.1, we plot Bernstein polynomials of degrees 1 to 5. From these plots, we see that
Bernstein polynomials are positive, the first and last polynomials are equal to 1 on the 0 and 1
respectivaly. More properties will be discussed in the sequel.

Properties of Bernstein polynomials
* Bi(x) >0, forall k € [0,n] and x € [0, 1] [positivity]
* Yi_oBi(x) =1, forallx € [0,1] [partition of unity]
- BY(0) = Bi(1) = 1
* B} has exactly one maximum on the interval [0, 1], at %
. (B} (x))0 ~k<n 18 symmetric with respect to x = 3 [symmetry]
* Bernstein polynomials can be defined recursively using the formulae 2.2

Bl(x) = (1—x)B} ' (x) +xB}~ | (x) (2.2)

where we assume B} (x) =0isk <0Oork >n
* Bernstein derivatives can be computed using the formulae 2.3

By'(x) =n (BiZ} (x) = By (x)) (2.3)

using the same assumption as before.
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Bernstein polynomials of degree 1 Bernstein polynomials of degree 2
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Bernstein polynomials of degree 5

1.0 B§ B3
8BS — B}
0.8 — B} — B

0.4

0.2

0.0

0.0 0.2 0.4 0.6 0.8 10

Figure 2.1: Bernstein polynomials of degree n = 1,2,3,4,5.

2.2 Bézier curves

Rather than taking the power basis as in 1.4, Pierre Bézier used Bernstein polynomials, in the 1960s
while working at Renault. This leads to the following definition of a polynomial curve 2.11

C(t) =) PuBL(t) 24)
k=0

The vector coefficients (P)y;, are called Bézier points or control points. The reason for this will
become clear in the sequel.

Examples
Example 1. A linear (n = 1) Bézier curve (fig. 2.3) is defined as

€ (t) =PoBL(t) + P Bi (1)

which describes a straight line from Py to Py, since B(t) = 1 —t and B} (t) =1.
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Figure 2.2: General evaluation triangular diagram for a Bernstein polynomials.
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Figure 2.3: Example of a linear Bézier curve.
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Figure 2.4: Example of a quadratic Bézier curve.
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Figure 2.5: Example of a cubic Bézier curve.

Example 2. A quadratic (n = 2) Bézier curve (fig. 2.4) is defined as
E(t) = (1—1)’Py+2t(1 —1)P; + 1P,

We remark that
- the curve starts at Py and ends at P,
- the curve does not pass through the point Py,
- the tangent directions to the curves at its extremeties are parallel to Py —Pg and P, — Py,
- the curve is contained in the polygone (triangle) formed by PoP;P,. This polygone is
called the control polygon and it approximates the shape of the curve.
Example 3. A cubic (n = 3) Bézier curve (figures 2.5,2.6,2.7) is defined as

C(1)=(1—1)°Py+3t(1 —1)*P; + 31> (1 — )P, +1°P3

We remark that
- the curves start at Py and end at P3,
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Figure 2.6: Example of a cubic Bézier curve.
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Figure 2.7: Example of a cubic Bézier curve.
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the curves do not pass through the points P; and P,

the tangents directions to the curves at their extremeties are parallel to P; — Py and
P; — P,

- the control polygons approximate the shape of the curves,

the curves follow the orientation of the control polygons,

the curves are contained in the convex hulls of their control polygons (convex hull

property).

Derivatives of a Bézier curve
Using the formulae 2.3, we have

n

Cg/(l) = i PkBZ/(l) = Z nPy (BZ:%(X) —Bzil (x))
k=0 k=0

by reordering the indices, we get 2.5

n—1

¢'(t)=Y n(Pe —P) By (1) (2.5)
k=0

Therefor, we get the direct acces to the first order derivatives at the extremeties of a Bézier curve
using the formulae 2.6

{%'(0) =n(P; —Py) (2.6)

¢ (1) =n(P,—Py_1)

Second derivatives can also be computed directly from the control points using the formulae 2.7

{%"(0) =n(n—1)(Py—2P, +P,) 2.7)

%"(1) = n(n—1) (P —2P,_, +P,_»)

Definition 2.2.1 — /" forward difference. Let us consider a set of (control) points P. The Hh
forward difference of P is defined as

ArP,‘ = Ar_]Pi+l — Ar_lP,'
with
AP,‘ = AIPI' = Pi+1 _Pi

Proposition 2.2.1 — High order dirivatives.

n—r

— Y A'PB (1 2.8

(= & SR (2.8)
Eqgs (2.6) and (2.7) can be generelaized for high order derivatives. We have in fact the following
result:

n!

(1) =

The derivatives of a Bézier curve at its extremeties up to order r depend only on the first (or
last) r + 1 control points, and vice versa.

Proposition 2.2.2
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Integration of Bézier curves
Proposition 2.2.3 A primitive of A Bézier curve ¢'(t) = Y.;_, PyBJ(¢) has the Bézier representa-
tion

( / %) (1) = :i;Qsz“(z) 2.9)

where
Q= Q- 1+7Pk 1—Q0+<ZP>

Here, Q denotes an arbitrary integration constant.

Rr) Using Eq. (2.9), we have [01 € (t) dt H] < Y P >

Properties of Bézier curves
Because of the symmetry of the Bernstein polynomials, we have
* YioPiBl =X PiBl
Thanks to the interpolation property, for Bjj and B;;,
we get
* €(0)=Ppand (1) =P,
Using the partition unity property of the Bernstein polynomials, we get
* any point ¢ (¢) is an affine combination of the control points
Therefor,
* Bézier curves are affinely invariant; i.e. the image curve ®(Y;_,PiB}) of a Bézier curve, by
an affine mapping &, is the Bézier curve having (®(P;)),,-, as control points.
due to the partition unity of the Bernstein polynomials and their non-negativity,
* any point € () is a convex combination of the control points
finally, we get the convex hull property,
* A Bézier curve lies in the convex hull of its control points

of the Bernstein polynomials at the endpoints,

DeCasteljau Algorithm

In this section, we introduce the deCasteljau algorithm Algo. (2). The basic idea comes from the
following remark; using the reccurence formulae Eq. (2.2), we have

ZPkBk ZPk (1—t)By ' (t) +tB} | (1))

k=0

= Z P.B (1) [P} := (1 —1)P + 1P 1]
n—2

=Y PiB () [PZ = (1 —1)Py + 1Py ]
k=0
0

=) PiB(1) [P = (1—0)P; ! 1P ]
=0

=P
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Algorithm 2: DECASTELJAU: Evaluation of a Bézier curve, defined by its control points
P at x.
Input :P.x
Output :value
1 n<len(P)—1
2 Q«P
3 for j<Otondo
4 fori< Oton—jdo
5 | 0li] + (1 —x)Q[i] +xQ[i +1]
6
7
8

end
end
return Q|0]

2.4 Conversion from/to monomial form

Conversion from monomial form
Let us consider a monomial representation of a curve

ct)=Y Qu*
=0

Since

which is a Bézier curve of the form
n
€(t) =) PiBL(1)
k=0
with
n (J
P=Y @Qk
k=0 (k)

R) If Qi =0 forall k > 2, then the control points are given by Py, = Qo +kQ;.

Proposition 2.4.1 — Linear Precision. Conversly, if the n+ 1 control points P lie equidistantly
on a line, then %’ is a linear polynomial, which can be written as € (¢) = (1 —1) Py +-tP,,.
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Conversion to monomial form
Given a Bézier curve ¢ (t) = Y;_,PBj}(t), we can derive its monomial representation using the
Taylor expansion,

=1
¢(1)=Y, ;¢ 0
k=0""

" /n
= AkPol k
()

Rational Bézier curves

We first introduce the notion of Rational Bernstein polynomials defined as, and w; > 0,Vi € [0, n]

npy . WiBE(r)
Ry (1) :== m (2.10)
Properties of Rational Bernstein polynomials
* R}(x) >0, forall k € [0,n] and x € [0, 1] [positivity]
* YioRi(x)=1,forallx € [0,1] [partition of unity]

- RIO0)=RI(1) =1
* R} has exactly one maximum on the interval [0, 1],
* Bernstein polynomials are Rational Bernstein polynomials when all weights are equal

Definition 2.5.1 — Rational Bézier curve.

€)=Y PRL(1) (2.11)
k=0
n . wiB{ (1) .
where R} (t) 1= sTowp and wi>0,Vie [0,7]

Examples
Example 1. We consider the quadratic Rational Bézier curve,
where the weights are given by wo = 1, w; = 1 and w, = 2 and the control points are

G (en- )

1=
This leads to a representation of the circular arc, using the parametric form €'(¢) = <1 ;2> .
1+12

Composite Bézier curves

A composite Bézier curve is a piecewise Bézier curve that is at least continuous at the interpolant
control points. An example is given in Fig. 2.9. The global curve inherit all the nice properties of
Bézier curves however, it has a major drawback: when moving an interpolant control point, we
must ensure that the associated regularity is not broken, unless it is what we want. This means that a
good representation of a curve needs to have the locality control through control points, but also the
control points must be associated to some given regularity. Since Bernstein polynomials are defined
locally on the interval [0, 1], and they do not encode any global redularity of the curve, we need
another representation, in terms of other functions, while keeping in mind that these functions must
be polynomials on every sub-interval. Such representation is provided by the Schoenberg spaces,
for which B-Splines form a basis. In the next chapter, we will first introduce the uniform Splines,
also known as Cardinal Splines, show their advantages and limitations, then we will introduce the
general definition of B-Splines.
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Figure 2.8: Circular arc using quadratic Rational Bézier curve.
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Figure 2.9: A composite Bézier curve using 3 quadratic Bézier curves.
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2.7 Problems

I Exercise 2.1 Show all Bernstein properties. "

Exercise 2.2 Consider a cubic Bézier curve € in R? with th following control points:
Py=(0,6), P;=(3,6), P,=(6,3), P3;=(6,0)
Compute the point ¢ (%) using the deCasteljau algorithm. Compute the same point by Egs. (??)

and (??), meaning, evaluate the basis functions at u = % then multiply by the associated control
points. "

Exercise 2.3 The Bernstein operator 4 assigns to a function f on [0, 1] the polynomial
i
Bf)(0) =} F(-)BI (1)
Show that if f is a polynomial of degree m < n, then [ f] is also a polynomial of degree m. =

Exercise 2.4 Show that a planar cubic Bézier curve has a cusp if P53 lies on the parabola

t — (Po+P; —P2) B3(t) + P B3 (1) + P,B3(¢)

I Exercise 2.5 For which choices of P3 does a planar cubic Bézier curve have a loop? "

Exercise 2.6 We consider a Bézier curve €' (1) = Yi_o PiBj(1).

1. Show that using the definition of Bernstein polynomials, we can write € as

C(t)=(1-1)" (,g"k <Z> <ﬁ>k>

2. Write a modifier version of Horner algorithm based on the previous formula and compute
its arithmetic complexity.
3. What happens when ¢ is close to 1?7 How to adapt the previous algorithm in this case?

I Exercise 2.7 . n
I Exercise 2.8 . n
I Exercise 2.9 . n

I Exercise 2.10 . u



26 Chapter 2. Bézier curves

I Exercise 2.11 . u

I Exercise 2.12 . n



3. B-Splines

In general, one needs to design curves with given regularities at some specific locations. For this
purpose, rather than considering piecewise Bézier curves with additional constraints on the control
points, we can enforce these constraints on a given space of functions. The Schoenberg spaces
[1946] are perfect for this purpose. Before giving more details about Schoenberg spaces, which
will be covered in the Approximation Theory part, let us for the moment, use a formal definition, as
the following: given a subdivision {xp < x; < --- < x, } of the interval I = [x¢,x,], the Schoenberg
space is the space of piecewise polynomials of degree p, on the interval I and given regularities
{ki,ka,- -+ ,kr—1} at the internal points {x;,x2, - ,x,_1}.

Given m and p as natural numbers, let us consider a sequence of non decreasing real numbers
T = {t;}o<i<m- T is called knots sequence. From a knots sequence, we can generate a B-splines
family using the reccurence formula 3.1.

Definition 3.0.1 — B-Splines using Cox-DeBoor Formula. The j-th B-spline of degree p is
defined by the recurrence relation:

r—1j Litp+1 =1 p-1

-1

T g —tp T tjps =
where
0
Nj (t) :%[fj,tj+1[(t)
for0<j<m—p-—1.

R) When working with Bernstein polynomials, we introduced the convention B} = 0 for all i <0
or i > n. For B-Splines, we have a similar convetion N]’.’ =0if j <0 or j > n. In addition,

we also assume % = 0, when using the formula 3.1 and N}) =0ift; =1j41.

R) k= p+1iscalled the order of the B-Splines.
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1]
_"!.\F‘I'-F_,'!
p-1 i]
N:n+2 N:l'ﬂ
Np—l Np—l N[I-
J+1 J+1 J+1
NP —e NPl o NPT NO
] b i J

Figure 3.1: General evaluation triangular diagram for a B-Spline.

In figure Fig. 3.2, we plot the quadratic B-Splines functions associated to the knots sequence
{0,0,0,1,2,2,3,4,5,5,5}. As we can see, there are 8 B-Splines functions and we recover the
interpolation property at the first and last knot. In addition, while all the B-Splines are smooth at
the internal knots, N32 is only % at the grid point 2.

Now if we look for the cubic B-Splines that are associated to the same knots sequence {0,0,0,1,2,2,3,4,5,5,5},
we see that the interpolation property is no longer true 3.3.

Quadratic B-Splines on the knots sequence
{0,0,0,1,2,2,3,4,5,5,5}.

127 — M — N — n
N — N} — NE — N
1.0 A
0.8 4
0.6 4
0.4 4
0.2 q
0.0 T
0 1 2 3 4 5

Figure 3.2: Quadratic B-Splines generated using the knots sequence {0,0,0,1,2,2,3,4,5,5,5}.

Knot vector families

There are two kind of knot vectors, called clamped and unclamped. Both families contains
uniform and non-uniform sequences. In figure Fig. ??, we show examples of clamped uniform
knots. Fig. ??, we show examples of clamped non-uniform knots, while figures Fig. ?? and Fig. ??
are examples of unclamped knots sequences for uniform and non-uniform cases, respectively.
The special case of clamped sequences, where the first and the last knots are repeated p + 1 times
exactly is known as open knot vector.
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Cubic B-Splines on the knots sequence
{0,0,0,1,2,2,3,4,5,5,5}.

121 — % — M — M — N

— N — N — M

N =N =Ny = M
/

N

Figure 3.4: Clamped uniform knots (left) quadratic B-Splines using 7 = {0,0,0,1,2,3.4,5,5,5},
(right) quadratic B-Splines using 7' = {—0.2,—0.2,0.0,0.2,0.4,0.6,0.8,0.8}.

0 1 2 3 i 3 0400 0425 0450 0475 0300 0575 0350 0575 0600

Figure 3.5: Clamped non-uniform Kknots (left) quadratic B-Splines using 7 =
{0,0,0,1,3,4,5,5,5}, (right) quadratic B-Splines using 7 = {—0.2,—-0.2,0.4,0.6,0.8,0.8}.

Examples

Before stating some B-Splines properties, let us take a look to some examples.
Example 1. Let 7 ={0,1,2} and p=1.
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— N — Mo — Mo —_M b = — N
Vo — N

20 25 30 35 40 45 50 55 60 020 025 030 035 040 045 050 055 060

Figure 3.6: Unclamped uniform knots (left) quadratic B-Splines using 7 = {0, 1,2,3,4,5,6,7,8},

(right) quadratic B-Splines using 7' = {—0.2,0.0,0.2,0.4,0.6,0.8,1.0}.

— W N o— N — N 08 —M [ —N;\

30 35 40 45 50 55 60 65 70 0 05 05 07 08 09 10

Figure 3.7: Unclamped non-uniform knots (left) quadratic B-Splines using 7 = {0,0,3,4,7,8,9},

(right) quadratic B-Splines using 7 = {—0.2,0.2,0.4,0.6,1.0,2.0,2.5}.

We first compute the B-Splines of degrees 0

NO — 1, 0<r<«1
0= .
0, otherwise

NO 1, 1<r<?2
1= .
0, otherwise

The B-Splines of degree 1 is
t—0 2—t
NI — 0 0
0=1 oMt
which yields
t, 0<r«1
N ={2-1 1<t<2
0, otherwise

0
J'|"FI.

1 - L
J'|"Fl:] J'|"Fl:]

Figure 3.8: Evaluation diagram for examples 1, 2 and 3.
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Figure 3.9: Linear B-Spline associated to the knot sequence 7' = {0,1,2}.

10 A1

0.3 4

05 1

0.4 4

0.2

0.0 4

0.0 02 04 06 0.8 10

Figure 3.10: Linear B-Spline associated to the knot sequence 7 = {0,0, 1}.

Example 2. Let 7 ={0,0,1} and p = 1.
We first compute the B-Splines of degrees 0

Ny=0, VieR
1, 0<t<1
Ny = _
0, otherwise

The B-Splines of degree 1 is

t—0 1—1¢

NY

which yields

| 1—¢t, 0<t<1
No = .
0, otherwise
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01 __
0.8
0.6

04

0.2 4

0.0 4

0.0 02 0.4 0.6 08 10

Figure 3.11: Linear B-Spline associated to the knot sequence 7 = {0, 1, 1}.

e "
Nll . NEJ
N N

Figure 3.12: Evaluation diagram for examples 4 and 5.

Example 3. Let7 ={0,1,1} and p=1.
We first compute the B-Splines of degrees 0

I, 0<r<«1
Ny = o
0, otherwise

NY=0, VreR

The B-Splines of degree 1 is

r—0
Ny =
7 1-0

which yields

t, 0<tr<l1
No = o
0, otherwise

1—1¢
N+ ——N
1‘*‘1_1 2

Example 4. Let 7 ={0,0,1,1} and p=1.
In the examples 2 and 3 we computed the linear B-Splines associated to the knots sequences

{0,0,1} and {0,1,1}. Then we get immediatly that the knots sequens {0,0, 1,1} will exactly
generate the same B-Splines, i.e.

Nl 1—t, 0<t<Il1
0= .
0, otherwise

t, 0<tr<1
N = o
0, otherwise
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Figure 3.13: Linear B-Splines associated to the knots sequence 7 = {0,0, 1,1}.
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Figure 3.14: Linear B-Splines associated to the knot sequence 7' = {0,0,1,2}.

Example 5. Let 7 ={0,0,1,2} and p=1.
In the examples 2 and 1 we computed the linear B-Splines associated to the knots sequences
{0,0,1} and {0,1,2}. Then we get immediatly that the knots sequens {0,0, 1,2} will exactly
generate the same B-Splines, i.e.

Nl 1—t, 0<t<Il1
0= .
0, otherwise

t, 0<r«1
N ={2-1 1<t<2
0, otherwise
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]
NZ

1 0
N} —= N

/l

2 - L - 0
Nt' Nt] Nc',

il

Figure 3.15: Evaluation diagram for examples 6 and 7.

05 1 o
0.4
03 1
02

014

0.0

00 02 04 06 08 10
Figure 3.16: Quadratic B-Splines associated to the knots sequence 7 = {0,0,1,1}.

Example 6. Let 7 = {0,0,1,1} and p =2.
The linear B-Splines were computed in the previous example. Then for degree 2, we get

1—0 1—1
Néz—Né—Fme

which leads to

N2 — 21—, 0<r<1
0= .
0, otherwise

Example 7. Let 7 = {0,0,1,2} and p = 2.
The linear B-Splines were computed in the examples 2 and 1. Then for degree 2, we get

which yields

20—312, 0<t<1
No=R1e-1? 1<r<2
0, otherwise

Example 8. Let 7 ={0,0,1,2,3,3} and p=1.
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Figure 3.17: Quadratic B-Splines associated to the knots sequence T = {0,0,1,2}.

We first compute the B-Splines of degrees 0

N)=0, VieR
1, 0<t<1
Ny = .
{0, otherwise
1, 1<t<?2
Ny = o
0, otherwise
1, 2<tr<3
Ny = .
0, otherwise
N =0, VieR

The B-Splines of degree 1 are

No =GN0+ 14N
W= g
=g
Ng—EZENg ;{%Nf
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Figure 3.18: Linear B-Splines associated to the knots sequence 7 = {0,0, 1,2,3,3}.

which gives

1—¢, 0<t<1
0, otherwise

t, 0<t<«l1
-1, 1<t<?2

0, otherwise

r—1, 1<r<?2
3—t, 2<r<3

O, otherwise
-2, 2<t<3
N3 -

0, otherwise

Example 9. Let 7 = {0,0,0,1,1,1} and p = 2.
We first compute the B-Splines of degrees 0

NJ=N)=0, VteR

NO — 1, 0<t<1
2 = .
0, otherwise

Ny =N)=0, VreR

The B-Splines of degree 1 are

N} = r— oN0 O—IN?
0-0 0-0
N} = (t) (())N1 1= (I)NS
M=o f_iNs
Ng—%zvg %Nf
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Figure 3.19: Linear B-Splines associated to the knots sequence 7 = {0,0,0,1,1,1}.

which leads to
Ny =0, VteR

| 1—¢t, 0<t<1
Ny = .
0, otherwise

t, 0<tr<l1
N, = N
0, otherwise

Nj=0, VtcR

The B-Splines of degree 2 are

t—0 l—t
Ni=—N'+—N/
0 — 0—0 0 -0 1
t—0 1 t
N? = N+ N/
ey R g
N =0 It
2710?2113

which leads to

, J(a-1? o0<r<1
NO — .
0, otherwise

N2 = 2t(1—1), 0<t<1
1= .
0, otherwise

N2 ?, 0<t<1
2= .
0, otherwise

In this case, we recover the Bernstein polynomials of degree 2.

Exercise 3.1 Compute the B-Splines generated by the knots sequences:
- T={0,0,0,1,2,2,3,4,5,5,5} with p =2
- T={0,1,2,2,3,4,5,5,6} with p =2
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B-Splines properties

B-Splines have many interesting properties that are listed below. In general, most of the proofs are
done by induction on the B-Spline degree.

Proposition 3.3.1 B-splines are piecewise polynomial of degree p

Proof. We proceed by induction. When p = 0, B-Splines are either the O or the characteristic
functions, which are constant polynomials. For p = 1, the Cox-DeBoor formula shows that the
generated B-Splines are piecewise linear functions, because of the weights that multply the constant
functions (B-Splines of degree p = 0).

Now assume that B-Splines of degree p — 1 are piecewise polynomials of degree p — 1. Again
using the Cox-DeBoor formula, we see that the degree will be increased by 1 because of the linear
weights, on each sub-interval. This completes the proof. |

R) The B-splines functions associated to open knots sequences without internal knots, i.e. the
length of the knots sequence is exactly 2p + 2, are the Bernstein polynomials of degreep.

Proposition 3.3.2 — compact support. N7 () =0 forall t & [t;,1;1 1)

Proof. By taking a look at the triangular diagram 3.1 for the evaluation of the jth B-Spline of

degree p. We see that Nj-’ depends only on the B-Splines {N;),N?H,--- ,N? +p}. The laters are

exactly the characteristic functions on the intervals [f;,#;41),Vi € {j,j+1,---,j+ p}. Therefor,
Nf(l‘)zo, for alltgé [tj,tj+p+1). |

Proposition 3.3.3 Ifr € [t),1;;1), then only the B-splines {N7_,,---, N7} are non vanishing at .

Proof. Using the last proposition, the support of N? is defined as supp (Nl-p ) = [tj,tixp+1) for every

i €{j—p,---,j}. Therefor, on the interval [t;,t;+1) = [\ supp(N’), only the B-Splines
J—p<i<j

{N}_,,--- ,N7'} are non-zeros. -

Proposition 3.3.4 — non-negativity. N7 (1) >0, Vr € [t),tj1p+1)

Proof. This can be proved by induction. It is true for p = 0, since all B-Splines are either O or the
characteristic function. Assume the property holds for p — 1, using the Cox-DeBoor formula we
have:

X—1j —1, litpr1—X o pi
NPT NP

NP =
tivp—tj fitp+1 —1jt1

J

. X—t; tivpr1—X
since, € [1j,2j4py1), We have ;== > 0 and “HE2= > O whenever 1., > tj and £ p11 > tjy1,
otherwise these terms are identicaly equal to 0, by convention.

On the other hand, N jp - >0and NV ij:ll > 0. Therefor there linear combination is also positive. B

Proposition 3.3.5 — Partition of unity. Y N” (1) =1,Vr € R

R) The previous sum ZNip (t) has a meaning since for every r € R, only p + 1 B-Splines are
non-vanishing.
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Proof. We prove this result by induction again. For p = 0, the property is true. Now let us assume
it is true for p — 1.

j

Let j denotes the span of 7. We know that Y N”(t) = Y. N’(). Now, using the Cox-DeBoor
i=j—p

formula, we have

/ d I—1 ~1 livpr1 —1 —1
Y M= Y ( NP () 4 L ey
p

=i p i=jp \li+p —1li livpt1 —lit1

by changing the summation index in the second part, we get
j+1 p

j 4
-1 livp — -1
Y M= Y e Y e
=j-p i=j—pttpr N i=j—p+17tp

R
i

On the other hand, we know that the only B-Splines of degree p — 1 that are non-vanishing on the

interval [;,7;41) are {N? N; 11, meaning that Np ' = N?~! = 0. Therefor,

i p-H7 o =

Lo t—t;  tp—t\ i
D N e L0

i=j—p i=j—p+1 \li+p livp —1i
hence
J , J ol
Y M= Y NT()
i=j—p i=j—p+1
Finaly, we use the induction assumtion to complete the proof. |
For the sake of simplicity, we shall avoid using summation indices on linear expansion of
B-Splines.
Lemma 1
tiyp—t r—1t;
P _ Jjtp J p—1
Y a;N! _Z(t_ — At ——— tiaj>Nj (3.2)
Jtp T Ej Jtp T

Proof. Using the Cox-DeBoor formula, we have
t—1t; t —t
YanN' =Y ( L NPT Nj’;]l)
tH—p_tj tj+p+1_tj+1
By changing the summation index in the second part of the right hand side, we get

t

—1j t
P _ J_ap-1 Jtp a1
ZaJN Z ][ = N +Za],t Jurs f
jtp Jtp L
which yields
YNy =) tay T2l e
i aft —t =)
J+p L jtp L
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Proposition 3.3.6 — Marsden’s idenity.

(x=y)" =Y. p] ()N} (x) (3.3)
J
where
jtp
pf )= [ G-y (3.4)
i=j+1

Proof. Seting aj:= pf (y) in the lemma 1, we get

=1

L[N = X (250t )+ ) )y )

lj+p —1j lj+p —1j
) . —1 Jj+p—1
on the other hand, by introducing o; = ] ] (ti —y), we have
‘ i=j+

t; —X X—1; t; —X X—1t;
jtpr p J AP p=1[ tjtp J
pi1(»)+ p;(y)=o; ( (tj—y)+ (tj+ )’))
tip—tj ! tivp =t T\t =ty tiap—t "

= (x=y)p!'(y)

Therefor,

Y PPOIN(x) = (x =) Y p? T 0)N? T ()

By repeating the same computation p — 1 times (one can also use an induction for this), we get the
desired result. |

Thanks to Marsden’s identity and the proposition 3.3.3, we now are able to prove the local
linear independence of the B-Splines basis functions.

Proposition 3.3.7 — Local linear independence. On each interval [¢;,;1), the B-Splines are
lineary independent.

Proof. On the interval [t;,¢;,), there are only p + 1 non-vanishing B-Splines. On the other hand,
these B-Splines reproduce polynomials, thanks to the Marsden’s identity. Hence, {N”’ ,Nf }
are a basis for polynomials of degree at most p, and are therefor, lineary independent. |

j-p

R) We will see in the Approximation theory part, that the B-Splines family has also a global
linear independence property.

Derivatives of B-Splines
The derivative of B-Splines can be computed reccursivly by deriving the formula 3.1, which gives

Proposition 3.4.1

N =Lyt P et (3.5)
titp —1j litp+1 —tjr1 !
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Proof. We prove this by induction on p.

— p—1 p—1 : Pl 1 _ 1
Forp=1,N f and N i1 are either O or 1, then N i1 e.1t}'16r e et
Now assume that 3.5, is true for p — 1, where p > 1. Deriving the Cox-DeBoor formula leads to
NP = L ety T e
Lottty
_ 1 p—1 Livp+1—1 prll

: Vi T — Vi1
fiypt1 — i1 7 R T

—1/ — T . .
Using the induction assumption on N ;’ " and N ;’ f 11 and subtituting in the last equation yields

NP — #NP“ _ ;NP“
byt tirpr1—tip1 1!
Jtp J j+p+1 j+1
i l—lj < p—l N[.,,z_ p—l Np+12>
tivp —1j \Ljrp—1 —1j ’ livp—tjr1
Litp+1—1 p—1 NP2 p—1 NP2
tiipil —tio1 \tjop—tisn TV tjp —tin 12
Jj+p+1 j+1 j+p Jj+1 Jj+p+1 Jj+2
_ b ;Nl.’f
tisp=ti T tipr =t T
p—1 I—1j NP,Z
J

Litp = 1jljrp—1—1j
Lol ( tiapri—t 1 —1; >Nk2

Libp =Lt \Ljprt =11 Lgp—1;) 7
. p—1 Lipr1 =t p2
Liptt —Ljst Lpel —tjsn 12
Since,
Livp+1 —1 _ I—t;  tjp—1 _ I—tj4

Litpt1t —ljv1 Lipp =1 Ligp—1j  Ljtpr1 —lj41

we get
1 1
P _ p—1 _ p—1
Ni=i——N; ——— N
Jj+p J j+p+1 j+1
—1 t—t; _ tiv,—t _
+-2 < ! Nf2+~“pNﬁf>
Livp =1 \ljtp-1—1j Livp —1j
—1 r—1ti+ _ t; 1—1t _
. p < Jjt Nf+ 12 4ttt Nf+22
Litpr1 —Ljr1 \Zjp —Ljy1 Ljitp+1 —Ljt2
By applying the Cox-DeBoor formula for N¥ ~!and N;:ll we get the desired result. [ |

Exercise 3.2 Show that the r-th derivative of Nj.’ is given by

_q(r—1 _q(r—1
ij(r) __ P N? 1(r=1) P Np+11(r )
titp =1 titprt =1

3.5 Problems
TODO
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4. Cardinal B-Splines

Cardinal B-Splines

Cardinal B-Splines play an important role in the approximation theory (multi-resolution approxima-
tion, ...). In the sequel, we shall give a definition of the Cardinal B-Spline using the convolution
operator. Then, we will present some of the most important properties, at least needed when using
uniform B-Splines in a Finite Elements method.
Definition 4.1.1 A cardinal B-spline of zero degree, denoted by ¢, is the characteristic function
over the interval [0,1), i.e.,

[ 1, relo,1)
%o(1) '_{ 0, otherwise @D

A cardinal B-Spline of degree p, p € N, denoted by ¢, is defined by convolution as

0p(0) = (@14 0) ()= [ 9p-1(1=5)00(s) ds @2



4.1 Cardinal B-Splines

43

Cardinal B-Splines for degrees 1,2,3 and 4.

O
1

|
WoRoRT

Figure 4.1: Cardinal B-Splines of degrees 1,2,3 and 4

Example 1:
When p = 1, it is easy to show that

t, te€l0,1)
O01(1):=4q 2—1t, te][l,2)
0, otherwise

When p =2, it is easy to show that

X%, telo,1)

balr) = T+(=1)— (=12, r€l,2)
T—(x-2)+1(x-2)2 t€2,3)
0, otherwise

)

In figure (Fig. 4.1), we plot the Cardinal B-Splines of degrees 1,2,3 and 4.

The colored area under the graph of ¢, represents the average [, | ¢»(t)dt which is the value

#3(x).

4.3)

4.4)
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Cardinal B-Splines properties

Let ¢, be a cardinal B-Spline of degree p, p € N. The following properties can be proved by
induction on the B-Spline degree p.

Theorem 4.1.1 — Minimal support. the support of ¢, is [0, p + 1]

Theorem 4.1.2 — Positivity. ¢,(s) >0,Vs € [0,p+1]

Theorem 4.1.3 ¢, € €P~!

Theorem 4.1.4 ¢, is a piecewise-polynomial of degree p at each interval [i,i+1],Vie {0,1,...,p

The sequence {0, 1,2,..., p} is known as the breaks of the cardinal B-Spline of degree p.

Theorem 4.1.5 V¢ € [0,p+ 1] and p > 1, we have

¢p(t) :q)pfl(t)_(ppfl(t_l) (4-5)

Theorem 4.1.6 — Symmetry. ¢, is symmetric on the interval [0, p + 1], i.e.

Op(t) = Op(p+1—1), Vte[0,p+1] (4.6)

The following theorem was proved in 1972 by both Cox and Deboor separatly.

Theorem 4.1.7 — Cox-Deboor. V¢ € [0,p+ 1] and p > 1, we have

+1—t
ppliss

9p(t) = ;¢p1<r> 9y 1(t—1) @7

Proof. Let ¢/ (t) := ¢,(r —i),Vt € [0,p+ 1]. We will proof the result by induction. Since both
sides vanish at ¢ = 0, we will use the equivalence to the formula for the derivative 4.1.5.

_ _ 1 _ - t _ _ +1-—t _ _
p—1 pl:i(pl_ p1>+|:(p2_ p2>+p (p2_ p2>:|
0 1 p 1 p 1 p 1 2

(4.8)
The last term of the previous relation, can be written as
p_l ! p—2 p—1 p—2 r—1 p—2 p—(t—l) p—2
— || — e - — - 4.9
p [(P—lo e ) (p—l ST @9
Now, if we assume that the recursion is valid up to p — 1, then the last terms is equal to
-1 _ _
S R (4.10)
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Interval | Taylor coefficients
[0, 1 ] 0 1 (X()7 1
[1,2] -1 o1

Table 4.1: The linear Cardinal B-Spline Taylor coefficients.

Interval | Taylor coefficients
01 |0 0 3 2
2] |4 1 -1 o2
23] |4 -1 3 02

Table 4.2: The quadratic Cardinal B-Spline Taylor coefficients.

For any Cardinal B-Spline of degree p, we denote by o = (Otg Lol (xg‘i) the sequence
of its mononial coefficients on [i,i + 1]

op()=af,+ol >+ . +ab i, Vielii+]] (4.11)

When i, j & [0, p]., we set o,

Theorem 4.1.8 — Taylor Coefficients.

k p-1 1 0 p+l—k , 1 1 .,
o =~ali ol PR g 4.12)
1= 5% T O > 1~ 3 Fie1

Proof. Using the Cox-Deboor theorem (4.1.7), if x = i+ where ¢ € [0, 1], we have

X k t - — -

p
p+l—x . 4 ptl—k ¢ -1 10 -1
S IE (p - (e +af P el o)
Adding the last expressions together, we get the the expected relation for a[’f’i. |

Corollary 4.1.9 — Cardinal B-Splines evaluation using pp-form. Thanks to the theorem
(4.1.8), we can compute analyticaly the Taylor coefficients for low B-Splines order (Tables 4.1,
4.2 and 4.3).

Theorem 4.1.10 — Inner product.

L0008 48 dr = (—1y905L (4140 = (0l g+ 1-0) @13)
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Interval | Taylor coefficients

0,1 [0 0 0 % |03
12l |5 5 5 —5|®a
23 [3 0 -1 1 e
34 |5 -3 5 —g|ma

Table 4.3: The cubic Cardinal B-Spline Taylor coefficients.

Cardinal B-Spline series

Scaled and translated Cardinal B-Splines

From now on, & > 0 will denote the mesh step. 4Z is the uniform grid of width 4. The scaled and
translated Cardinal B-Spline of degree p is defined by

0inp(x) =0, (% . i) (4.14)

The support of ¢; . p, is [i,i+ p + 1]h. We introduce the sequence (t;),.,, where t; = ih, Vi € Z. The
following result is another version of the Cox-Deboor theorem (4.1.7).

Theorem 4.2.1 — Cox-Deboor. V¢ € R and p > 1, we have

=t liypy1 —1
—Oinp-1(1) + ——— @iy 1hp-1(t) (4.15)
liyp —1i Livp+1 —lit1

Binp(t) =

with ¢4, (t) =0, Vt & [ti,tis pi1]-

Proof. Using the definition of the scaled and translated Cardinal B-Spline and the theorem (4.1.7),
we have

t—ih h(p+1+i)—t
Pinp(t) =— = . P p—1 (1) + T Bit 1 pp—1(1) (4.16)
The result is straightforward, using the fact that#; , —#; =t; py1 — i1 = hp. |

Cardinal Splines
Definition 4.2.1 — Cardinal Spline. A Cardinal Spline, or cardinal B-Spline serie, of degree
p on the grid AZ is the linear combination

Z kO, p 4.17)

keZ

In figure (Fig. 4.2), we plot all non-vanishing Cardinal B-Splines on the interval [2,3]. In figure
(Fig. 4.3), we plot a Cardinal B-Spline serie.

Proposition 4.2.2 — Marsden’s identity.

Vx,t € R, (X— l)p = Z mk7h7p(t)¢k7h7p(x) (4.18)
keZ

where my , (1) = hpnle (k+ i— % )

Proof. |
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Non-vanishing Cardinal B-Splines on the interval [2,3]

07

Figure 4.2: Non-vanishing Cardinal B-Splines on the interval |2, 3]

A Cubic Cardinal B-Spline serie.

-1.0 —d 5 O‘O 0‘5 ‘\‘U 1‘5 20
Figure 4.3: Example of a cubic Cardinal B-Spline serie.

Proposition 4.2.3 — Partition of unity.

1=Y Genpt), VteR (4.19)
keZ

Proposition 4.2.4 — Linear independence. For any element [i,i + 1]4, the Cardinal B-Splines
(q)k’h, p) i p<k<i AT€ linearly independent.

Proposition 4.2.5 — Representation of Polynomials.

Proof. |

4.3 Problems
TODO



5. B-Splines curves

5.1 B-Splines curves

Let (P;)o<i<n € R? be a sequence of control points. Following the same approach as for Bézier
curves, we define B-Splines curves as

Definition 5.1.1 — B-Spline curve. The B-spline curve in R? associated to T = (ti)o<i<ntp+1
and (P;)o<i<n is defined by :

C(t)= gle’(r)Pi

Rr) The use of open knot vector leads to an interpolating curve at the endpoints.
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Figure 5.1: Quadratic B-Spline curve using the knot vector 7 = {0,0,0,1,1,1}
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10 1 e
08 1 I
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104
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Figure 5.3: Quadratic B-Spline curve using the knot vector 7 = {0,0,0, }, 1 %, 11,1}

54970



50 Chapter 5. B-Splines curves

210 1

15 -

10 -

05 -

0.0 -

—0.5 4

10 &° i

20 -15 -1.0 05 00 05 10

Figure 5.4: Quadratic B-Spline curve using the knot vector 7 = {0,0,0, %, %, %, %, 1,1,1} with a
cusp.

Examples

Example 1. We consider quadratic B-Spline curve on the knot vector 7 = {0,0,0,1,1,1}. This
leads to a quadratic Bézier curve.
Example 2. We consider cubic B-Spline curve on the knot vector 7 = {0,0,0,0,1,1,1,1}. This
leads to a cubic Bézier curve.
Example 3. We consider quadratic B-Spline curve on the knot vector 7 = {0, 0,0, %, %, %, 1,1,1}.
We remark that
- the curve starts at Py and ends at Ps,
- the curve does not pass through the points {P;, 1 <i <4},
- the tangent directions to the curves at its extremeties are parallel to Py —Pg and Ps — Py,
- the curve is localy €% and only ¢! at the knots {%, %, % .
Example 4. We consider quadratic B-Spline curve on the knot vector 7 = {0, 0,0, %, %, %, %, 11,1},
where the knot % has a multiplicity of 2.
We remark that
- adding a new knot increases the number of control points by 1,
- the curve starts at Py and ends at Pg and passes through the point Ps,
- the curve does not pass through the points {P;, 1 <i<5, i# 3},
- the tangent directions to the curves at its extremeties are parallel to Py —Pg and Pg — Ps,
- the tangent directions to the curves at Pz are parallel to P; — P, and P4 — P,
- the curve is localy % inside each subinterval, %! at the knots {, %} and only ¢ at %,
where there is a cusp.
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Figure 5.5: Quadratic B-Spline curve using the knot vector 7 = {0,0,0, %, %, %, %, 1,1,1} without a
cusp.
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Figure 5.6: B-Spline curve of degree 6 using the knot vector 7 = {0,0,0,0,0,0,0,1,1,1,1,1,1,1}

Example 5. We consider quadratic B-Spline curve on the knot vector 7 = {0, 0,0, i, %, %, %, 11,1},
where the knot % has a multiplicity of 2.
We remark that although the knot % has a multiplicity of 2, the curve is visualy smooth. In
fact, it still has the same properties as in the previous example, except that the curve is more
than just € at the double knot %, but not ¢’'. To be more specific, it has a regularity of ¢!
at the knot %

Example 6. In this example, we show the impact of increasing the degree vs increasing the number
of internal knots.
Given a control polygon defined by the points {P;, 0 <i < 6, we use first a Bézier repre-
sentation of degree 6 (Fig. 5.6) and a quadratic B-Spline curve (Fig. 5.7) to approach the
broken lines defined by the control polygon. As we can see, the use of more knots gives a
better approximation. We shall give a proof for this result in the futur.

Properties of B-Splines curves

We have the following properties for a B-spline curve:

» If n = p, then ¥ is a B’ezier-curve,

* ¢ is a piecewise polynomial curve,

* The curve interpolates its extremas if the associated multiplicity of the first and the last knot
are maximum (i.e. equal to p+ 1),
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Figure 5.7: Quadratic B-Spline curve using the knot vector 7 = {0,0,0,0.2,0.4,0.6,0.8,1,1,1}

Invariance with respect to affine transformations,

B-Spline curves are affinely invariant; i.e. the image curve ®(Y~_P;N”) of a B-Spline curve,
by an affine mapping ®, is the B-Spline curve having (®(P;)),;<, as control points and the
same knot vector,

strong convex-hull property: if r; <t <t;,, then €(z) is inside the convex-hull associated
to the control points P;_,,--- P,

local modification : moving P; affects €'(¢), only in the interval [¢;,¢;1 41,

the control polygon is a linear approximation of the curve. We will see later that the control
polygon converges to the curve under knot insertion and degree elevation (with different
speeds).

Variation diminishing: no plane intersects the curve more than the control polygon.

Derivtive of a B-spline curve

Using the derivative formula for B-spline, we can compute the derivative of a B-Spline curve:

0=} (W'or)
= f (”N;‘”(t)Pf ey (t)P,-)
i=0

liyp —1i lit14p —lit1
n n+1
p —1 p —1
=) ” t,NlP (OPi—Y P t,NlP (t)Pi-1
i=0i+p U i=1Yt+p U
_ZNP I (P;i—P; 1)
+p i

:ZN{’*H P__vp,
i liyp — 1

where we introduced the first backward difference operator VP; :=P; — P;_;.

Examples

Example 1. we consider a quadratic B-Spline curve with the knot vector 7 = {000 % % 111}. We

have € (t) = Z?:ONizl(t)Pi, then

= ZNil (I)Ql
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where 10
Q) =5{P,—-P;} Q= ?{P3 -P,}

Q= %O{Pzt —P3} Q3 =5{Ps—Py4}

the B-splines {N}, 0 <i < 3} are associated to the knot vector 7* = {00 % 2 11}.

5.3 Rational B-Splines (NURBS) curves

Let @ = (@;)o<i<n be a sequence of non-negative reals. The NURBS functions are defined by a
projective transformation:

Definition 5.3.1 — NURBS function. The i-th NURBS of order k, associated to the knot vector
T and the weights @, is defined by

a)lNlp

72 ij;, (5.1)
J

R =

R) Notice that when the weights are equal to 1 the NURBS are B-splines.

NURBS functions inherit most of B-splines properties. Remark that in the interior of a knot
span, all derivatives exist, and are rational functions with non vanishing denominator.

Definition 5.3.2 — NURBS curve. The NURBS curve of degree p associated to the knot vector
T, the control points (P;)o<i<, and the weights @, is defined by

C(t) = iRl’.’(t)Pi (5.2)
i=0

R) [NURBS using perspective mapping] Notice that a NURBS curve in R? can be described as a
NURBS curve in R?*! using the control points:

P = (0P;, ) (5.3)

1

This remark is used for the evaluation and also to extend most of the B-Splines fundamental
geometric operations to NURBS curves.

R) N URBS functions allow us to model, exactly, much more domains than B-splines. In fact, all
conics can be exactly represented with NURBS.

5.3.1 Modeling conics using NURBS

In this section, we will show how to construct an arc of conic, using rational B-splines. Let
us consider the following knot vector : 7 = {000 111}, the generated B-splines are Bernstein
polynomials. The general form of a rational Bézier curve of degree 2 is:

£(1) = N2 (t)Py + 0 N2(t)P + 0o N2 (1)P,
@oN2(1) + @ N2 (1) + o, N2(1)

54
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0=0 line
O<w<l1 ellipse arc

o=1 parabolic arc

0>1 hyperbolic arc

Table 5.1: Modeling conics using NURBS. Possible values of @ and the corresponding conic arc.
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Figure 5.8: Quarter circle using a quadratic Bézier curve.

R) Because of the multiplicity of the knots 0 and 1, the curve %" is linking the control point Py to
P;.

Let us consider the case @ = @3 = 1, in which case the curve will have the following form:

@(1) = N3 ()P + N7 (1)P1 + N3 (1)Ps
© N}(t)+ oNE () +N3(r)

(5.5)

Depending on the value of w the resulting Bézier arc is either a line, ellipse, parabolic or hyperbolic
arcs (Tab. 5.1).

Examples

Example 1. (Quarter circle) A quarter circle can be described by a quadratic Bézier arc with the
control points (Tab. 5.2).
In figure Fig. 5.8, we plot the resulting NURBS curve and its control polygon.

Example 2. (Circular arc 120) A circular arc of length 120 can be described with a quadratic
Bézier curve, using the control points given in Tab. 5.3.
In figure Fig. 5.9, we plot the resulting NURBS curve and its control polygon.

Example 3. (half circle) In this example we show how to construct half of a circle using a cubic
Bézier arc. The control points are given in the Tab. 5.4.
In figure Fig. 5.10, we plot the resulting NURBS curve and its control polygon.
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P, | o
0[(1,0)] 1
L (L) | 5
2101 1

Table 5.2: Control points and their associated weights to model a quarter circle quadratic Bézier
arc.

P

200 - .
175 -

150 - |
125 -
100 - |

075 -

050 A
025 -

000

10  —05 0.0 05 10

Figure 5.9: A circular arc of length 120 using a quadratic Bézier curve.

—_
—
=

V)
~—

— (D]

P; y;
0] (1,0) |1
1] (1,2) | %
21 (-1,2) | 3
3[(=1,0) [ 1

Table 5.4: Control points and their associated weights to model a half circle using a cubic Bézier
arc.



56

Chapter 5. B-Splines curves
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Figure 5.10: Half circle as a cubic Bézier curve.
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Figure 5.11: Circle as four Bézier curves described by a B-Spline curve using the knot vector

_ 111133
T_{0707())17175757171717171}

0| LN N K| W =IO
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0
=

ol = o =~ o ~|&

Table 5.5: Control points and their associated weights to model a circle using 4 quadratic Bézier
arcs.

Example 4. (Circle as four arcs) One can draw a circle using four quadratic Bézier arcs, 9 control
points (Tab. 5.5) and the knot sequence 7" = {000, %, i, %, %, %, %, 111}
In figure Fig. 5.11, we plot the resulting NURBS curve and its control polygon.

Example 5. (Circle as three arcs) One can draw a circle using three quadratic Bézier arcs of length
120, 7 control points (Tab. 5.6) and the knot sequence 7' = {000, %%, %, %, 111}.
In figure Fig. 5.12, we plot the resulting NURBS curve and its control polygon.
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Figure 5.12: Circle as three Bézier curves described by a B-Spline curve using the knot vector

T ={000,11.5,.5,111}

i ;
0 (cos(%),5) 1
T 02 |1
2| (—cos(%),3) 1
3| (=2cos(5),—1) z
4 0,—1) 1
5] (2cos(%),—1) 3
6 (cos(Z),3) 1

Table 5.6: Control points and their associated weights to model a circle using 3 quadratic Bézier
arcs of length 120.
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Fundamental geometric operations

When designing complex CAD models we usually start from simple geometries then manipulate
them using different algorithms that are now well established. For example, one may need to have
more control on a curve, by adding new control points. This can be done in two different ways:

* insert new knots

* elevate the polynomial degree
In general, one way need to use both approaches.

R) Notice that these two operations keep the B-Spline curve unchanged.

In the sequel, we will give two algorithms for knot insertion and degree elevation. In fact, there
are many algorithms that implement these operations, but we shall only consider one for each
operation.

Knot insertion

Assuming an initial B-Spline curve defined by:

* its degree p

* knot vector T = (t;)o<i<n+p+1

* control points (P;)o<i<n
We are interested in the new B-Spline curve as the result of the insertion of the knot ¢, m times
(with a span j,ie. t; <t <tji1).
After such operation, the degree is remain unchanged, while the knot vector is enriched by ¢, m
times. The aim is then to compute the new control points (Q;)o<i<n+m

For this purpose we use the DeBoor algorithm:

n:=n+m (5.6)
pP=pr (5.7
T:= {t()?"’tj:tv"'7t7tj+17"7tn+k} (58)
m
Q;:=Q (5.9)
where,
Q) =P (5.10)
Q =o/Q '+ (1-0f)Q/-] (5.11)
with,
1 i<j—p+r—1
o = i Jptr<i<jom (5.12)
0 j—m+1<i
Examples

Example 1. We consider a cubic B-Spline curve on the knot vector 7 = {0,0,0,0,1,1,1,1}.
In this example, we first insert the knot % with a multiplicity of 1. The result is given in Fig.
5.13.
In figures 5.14 and 5.15, we chose a multplicity of 2 and 3 for the new knot. As a result, we
notice
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Figure 5.13: A cubic Bézier curve and the new B-Spline curve after inserting the knot % with a
multiplicity of 1.
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Figure 5.14: A cubic Bézier curve and the new B-Spline curve after inserting the knot % with a
multiplicity of 2.
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Figure 5.15: A cubic Bézier curve and the new B-Spline curve after inserting the knot % with a
multiplicity of 3.
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Figure 5.16: A cubic Bézier curve and the new B-Spline curve after inserting the knots {7,5,3}.
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Figure 5.17: A cubic Bézier curve and the new B-Spline curve after inserting the knots {lio7 i€

{1,2,---,9}}.

* whenever we insert a new knot, a new control point appears,

* the curve is unchanged after knot insertion,

* Q€ [P()Pl] and Q3 € [P2P3].

* in Fig. 5.15, the curve pass through the point Q3, which corresponds to the knot % with
a multiplicity of 3. In this case, we subdivided the initial Bézier curve into two Bézier
curves.

Example 2. We consider again a cubic B-Spline curve on the knot vector 7 = {0,0,0,0,1,1,1,1}.
In this example, we show the impact of inserting knots on the control polygon. As we see in
figures 5.16 and 5.17, the control polygon converges to the initial curve. We shall prove this
result in the Approximation theory part.

For more details about such topic, we refer to [10].
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Degree elevation

In the sequel, we shall restrict our study to the case of open knot vectors. There are also many
algorithms for degree elevation of a B-Spline curve. In the sequel, we will be using the one
developped by Huang et al. [13].

Since some knots may be duplicated, we shall assume that the breakpoints are denoted by {7, 0 <
i < s}, in which case the knot vector has the following form

s—1r o bs—1>

Y HEER SN 7 SN S SO TS SN0 SARNY (5.13)
—— —— ——

mo my m_y my

Elevating the degree by m will lead to the new description (the curve does not change):

n:=n+sm (5.14)
p=p+m (5.15)
YRR U TSR 7 AU Y SR DU SR Y SO S (5.16)
S—— —— N——
mo—+m my+m mg_1+m mg+m
~0
Q :=Q, (5.17)

~0
where the control points Q; are given by the following algorithm,
1. we define

i

Bi=Ym VI<i<s—1 (5.18)
1
i p—l

a=]— VvIi<i<p-1 (5.19)
=1 ptm—I

and set
~0 ~
P, =P; (5.20)

~I
2. compute the (scaled) differential coefficients P;, for [ > 0 as

~I-1 ~I-1

P... —P

~] it i t: >t

P, = tiptig 0 TP (5.21)
0 s livp = litl

3. compute for all j € {0,---,p}
Py (5.22)

4. compute forall/ € {1,---,s—1}andi€ {p+1—my,---,p}

Py, (5.23)
5. compute for all j € {0,...,p}
i oy prl-l

Q= |} b P, (5.24)
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6. compute forall/ € {1,...,.s—1}andi€ {p+1—my,...,p}
, j

~ p+1-1 P

Qs = H P S (5.25)
7. compute forall/ € {1,...,s—1}andi€ {1,...,m}

NP ~ P

Qg mi+i = Qpmi (5.26)

~0
8. compute Q;

Note that there exist other algorithms which expand the curve into a Bézier curve, then elevate
the degree using Bernstein polynomials, finally come back to a description using B-splines. For
more details, we refer to [16, 18]. The one given in [13] is more efficient and much more simple
to implement. We can also use a more sophisticated version of this algorithm to insert new knots

while elevating the degree.
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Figure 5.18: A cubic B-Spline curve before and after raising the polynomial degree by 1.
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Figure 5.19: A cubic B-Spline curve before and after raising the polynomial degree by 2.

Examples

Example 1. In this example we consider a cubic B-Spline curve with the following knot vector
T ={0,0,0,0,3,%,1,1,1,1}.
In Fig. 5.18, we plot the curve before and after raising the B-Spline degree by 1.
We notice that
* in opposition to the knot insertion, elevating the degree by 1 adds two control points
rather than 1.
¢ the curve is unchanged after degree elevation,
* Q; € [PoP] and Q¢ € [P4Ps].
Example 2. In this example we show the convergence of the control polygon under degree eleva-
tion. In figures 5.19, 5.20 and 5.21, we plot the control polygon after raising the degree by
2,4 and 8 respectively.

Problems
TODO
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Figure 5.20: A cubic B-Spline curve before and after raising the polynomial degree by 4.
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Figure 5.21: A cubic B-Spline curve before and after raising the polynomial degree by 8.
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7. Divided differences

Lagrange interpolation

Let us consider the interpolation problem for a function f on a given set of (distinct) points

{x0,- - ,x,}. It is well known that the Lagrange interpolating polynomial of degree n writes
P(X3X0, ...y Xy) = Zf(x,-)L,-(x), where L;(x) = H L i=0,...,n (7.1)
i=0 j=0Xi —Xj
J#i

The evaluation of the Lagrange interpolator can be done with different methods. The standard one
is known as Aitken method. Assume we want to interpolate a function f on the points {xo, - ,x3}.
We start by computing:

1

p(X;Xom)ZXI_xO ;Eﬁ); fl):i

P 0, %2) = Xzi)C() ;862; ig:i

plain) = L) 0
o) - o)
pltosie) = LB

Then the value of the interpolation polynomial of degree 3 at x is given by

1

X3 — X2

p(x;x0,X1,X%2) Xp—x
p(x;x0,x1,X3) X3 —X

p(x3x0,X1,X2,X%3) =
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The complexity of the Aitken method is O(n?) which is expensive, since we know that the Horner
algorithm is only about O(n).

Newton form and Neville’s algorithm

Another interesting form is the so called Newtonian form of p and writes

n i—1

p(x) = ZaiH(x—xj) (7.2)

Let us explain how to use the form 7.2 to have a fast evaluation of the interpolant polynomial at a
given point x.

First, we define the polynomial p;; as the interpolant polynomials of degree k at the sites
{xjxjr1, - xjekts ie pjg(xi) = f(x;) forie {j,j+1,---,j+k}. Where we assume the sites to
be ordered and distincts. Therefor, these polynomials exist and are unique.

In the linear case, we have

f(x1) = f(xo)

=ap+ (x—xp)aj (7.3)
X1 — X0

po.1(x) = f(x0) + (x —xo)

for some coefficients ay and a;. In this case, we have

ap = f(xo) (7.4)
and
oy = F61) = f(x0) 75)
X1 — X0

ay is called the first order divided difference of 2" := {f(xo),---, f(x,)}. In the quadratic case,
we can write

Po2(x) = po,1(x) + (x —x0) (x —x1)az (7.6)

where

_ f(x2) — po,1(x2)

(x2 —x0) (%2 —x1)

.7

a is called the second order divided difference of 2". We notice that, we can write, for a given
coefficient a,

Pik(x) = pjx—1(x) + (x—x1) ... (x = Xipa-1)a

The coefficient a is the k-th order divided difference of 2" and will be denoted [x;,- - - ,x;+ x| f-
Since,

Xjfh—X X—Xj ;
pj,k(x)zij pj—l,k—l(x)‘i’ij Pii-1(x), j€{0,....,p—k}
Xj+k —Xj Xj+k —Xj

we get the following result, by comparing the coefficients of the monomial x*,

1
bj e Xl frim ——— ([t Xl f = [ X1 ] f) (7.8)
Xjtk —Xj

The Neville’s algorithm is then given as follows

L. set [x;]f := f(x;), forall j € {0,...,p},
2. use 7.8 to compute [x;,...,xj]f, forall j€{0,...,p—k}andk e {1,...,p}
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Horner algorithm

We give here a modified version for the Horner algorithm based on the Newtonian form.
1. setqg:=a,
2. forevery ke {p—1,p—2,---,0}, we update g using g := ay + (x — x¢)q
3. the evaluation of the polynom at x is then given by pg ,(x) :=¢g
A quick study of the complexity leads to p multiplications and 2p additions and substractions.

Hermite interpolation

In the Hermite interpolation, not only the values of a function are given, but also some of its
successive derivatives. Given the set of interpolations points X := {xp,--- ,x,}, we construct
the set of distinct points X* := {x{,--- ,x7}, for which we associate a multiplicity m; > 0 with
Yi_omj=n+1.Letc;, be given constants. The Hermite interpolation problems is

Definition 7.2.1 — Hermite interpolation. Find a polynomial H, € IT, such that

H () =cjy 0<I<mj—1 and 0<j<s (7.9)
It is easy to prove that there exist a unique polynomial H,, that solves the Hermite interpolation
problem.
In the sequel, we shall define the set of constraints by reordering the coefficients c;; such that
(dj)’;.:() ={c¢j1,0<j<s,0<1<mj—1}. Now we can state the general theorem for the Newton’s
method:

Theorem 7.2.1 — Newton’s method. There exist unique constants ag, - -- ,a, for which the
polynomials
Py(x) = ag
Pi(x) = ap+ai(x—xo)
Py(x) = ap + a1 (x— xo) +az(x — xo) (x —x1) (7.10)
n—1
P,(x)=ao+aj(x—xp)+...+ay, Ho(x—xj)
J:
are solutions of the Hermite interpolation problems for the sets of points {xo}, {x0,x1}, ...,
{0, ,x,} and given data (d;)’_,,

Rr) The Hermite interpolation is a generalization of both Lagrange interpolation and the Taylor
interpolation. Recall that Taylor interpolant of a smooth function f € 6" ([a, b]) is defined by

(o) =20

To(x) = f(x0) + £ (x0) (x=x0) ..+ £ (x0) = (7.11)

These are the two extreme cases of Hermite interpolation where for the Lagrange interpolation
the interpolation points are all distinct, while for Taylor interpolation there all equal.

Divided differences
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Definition 7.3.1 — Divided Differences (G. Kowalewski 1932). For a set of points (not

necessarily ordered) X := {xo,---,x,}, and a function f, we define the n-rh divided difference
of f by

[X0, -+, xn) f 1= an (7.12)
where a,, is the coefficient of x" of the polynomial which interpolates f at xg,--- ,x, as shown in

the Newtonian form 7.2.

Now let’s go back to the divided differences operator. After giving additional examples, we
shall present some properties.

Examples

Example 1. [xo]f = f(x0)
Example 2. [xp,x|f = Fo0) =/ ) g o #+ X1

X0—X1

Example 3. [xo,xo]f = f'(x0)
Because of the symmetry of the Newton form we have

Proposition 7.3.1 [xo,---,x,]f is symmetric in xo, - - - , X.
From the Newton form, we also deduce

Proposition 7.3.2 [xo,---,x,]f is constant if f is a polynomial of degree < n, and zero for a
polynomial of degree < n.

Use the Taylor polynomial we have

Proposition 7.3.3 [xg, -+, xo]f = 2 " (xo).

—n!
Proposition 7.3.4 [xo,---,x,]f is a linear combinaition of the derivatives f(’) (xi), 0<I<m;—1,
where m; is the multiplicity of the point x; in the set X.

Proposition 7.3.5 if f € €"([a,b]), a<x; <b, 0<i<n,then:

[X0, "« xn) f = %f(”)(‘g'), for some & € [a, D]

Proposition 7.3.6 [xo,---,x,|f is continuous at the sites in X, if the derivatives of f of proper
orders are continuous at the considered site.

Proposition 7.3.7 if xo # x,, we have
1
[)C(),"‘ axn]f: {[xly"' axn]f_[x()v"' ,anl]f} (713)

X, — X0

Proposition 7.3.8 — Leibniz’s Formula.

n

(o, xal (f8) = Y [x0, -+, xi) () i+, xa) (8)

i=0
Proposition 7.3.9 If f (n=1) §g absolutely continuous, and if not all x; coincide, we have

15l

1 Th—1
[xo,‘--,xn]f:/o dt, i dtzm/o U (xo+ hyty + hoty + - -+ huty )diy

where we denote h; = x;41 —x;, i €{0,--- ,n—1}.
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Corollary 7.3.10
1
[0, 4l £ < 1

This shows, that the functional f — [xo, - ,x,]f is continuous on ™" |[a, b].

Proposition 7.3.11 If all x; are distinct, then
b n—1
UNPR PN GO YA SRS ( Gl AN D
[xov axn]f /a f ( )[X(), 7xn] < (l’l—l)'
This gives a representation of the functional [xp, - - - ,x,] in term of the Peano kernel.

Problems
TODO



8. Schoenberg space of Spline functions

8.1 Basic Splines

In the previous chapters, we introduced the B-Splines through the Cox-DeBoor formula. In this sec-
tion, we shall give a more specific definition, using the Divided Differences operator.



8.1.1

8.2

8.2 Spline functions 75

Definition 8.1.1 — M-Spline. Let X = {x,---,x,11} a non-decreasing sequence of p +2
points such that xo # x,41. The M-Spline will be defined in term of the following Divided-
Difference :

M(x) =M(x;X) :=M(x;x0, -, xpt1) = (p+ 1) [x0, -+, xp1] (- — )5 8.1

The points forming the set X, are called knots, and X is said to be a knot vector.
Proposition 8.1.1 M(x) = 0,Vx ¢ [x0,Xp+1]
Proposition 8.1.2 M(x) > 0,Vx € (xo,xp41)

M

Proposition 8.1.3 7% is the Peano kernel of the divided-difference at the set X = {xo,---,xp11}.

Then, for any f € Wlb H, we have,

o peilf = [ R @M

Proposition 8.1.4 [T M(t)dt = 1

Proposition 8.1.5 If p > 1, we have the recurrence formula,

p+1 X —Xp Xpi1—X
M(x;x0,- -+, Xp+1) = ( M(x;xo, -, xp) + ————M(x;3x1,- -+ X 1)
( p+1) p Xp+1 —X0 ( v) Xp+1 —X0 ( r1)
(8.2)
The B-Splines are then defined in terms of M-Splines as
Xp+1 — X0
N(x;xp,--- ,x = T M(xxg, - X 8.3
( 0 p+1) P+l ( 0 p+1) (8.3)
In this case we recover the Cox-DeBoor formula
X — X0 Xp+1 — X
N(x;x0, s Xp11) = N(x3x0, -+ xp) + o N(x3x1, -+, Xpi1) (8.4)
Xp — X0 Xp+1 — X1

In fact, one can see the property 8.1.4 of the M-Splines as a normalization of the basic splines, such
that the integral is one. Another normalization is to have the patition unity, which is given by the
B-Splines.

Smoothness of a B-Spline

Proposition 8.1.6 Suppose that x* € X := {xo,...,x,11} occurs m times in the knot sequence
inX. If 1 <m< p+1, then N is continuous at x* for all r € {0,...,p—m}, while NP~"*1 ig
discontinuous at x*.

Proof. TODO |

Spline functions

Splines are piecewise polynomials defined on the real line. We shall require that on each compact
interval, they consist of a small number of non-vanishing polynomial pieces.

Let T* = {17, 0 <i < s} be a finite strictly increasing sequence of points of R. A function S on R is
a spline of degree p, p > 0 with the breakpoints T™* if on each interval (¢, ), it is a polynomial
of degree < p. At every breakpoint ¢, S and its derivatives (which are also splines) are defined by
continuity whenever it is possible. For example, splines of order one are step functions, those of
order two are broken lines.

At every breakpoint ¢, a spline S shall have a smoothness r;, which is defined as the following:
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 ri:= —1if Sis discontinuous at ¢, otherwise,
e r; is such that § (/) is well defined and continuous at trforal0<j<rjand1 <i<s—1.

R) We will not consider the case of discontinuous splines at internal breakpoints. Meaning that
ri 2 0.

R) ki:= p—riiscalled the defect and is the number of degrees of freedom of S at #*
In the sequel, we shall consider the case of the interval I = [a,b], where a :=t; and b = t;.

Definition 8.2.1 — Schoenberg space. Given a set of breakpoints 7* as defined previously
and a sequence of integers r := {r;, 1 <i<s— 1}. The space of functions which consists of all
splines S of degree < p with breakpoints contained in 7* and of smoothness > r; at t;" is called
Schoenberg space, which we denote . (T*).

An example of a spline function is the truncated power, if i >0and 7 € T*,

(x— 1) ::{(X_T)i’ x=0 8.5)

+ 0, x<r7

I Exercise 8.1 Show that the truncated powers (x — tl*)J+ € .,(T*) ,forall j € {ri,---,p}. =

Using the truncated powers, one can construct a basis for the Schoenberg space. However, this basis
will not have the compact support property. We shall see in the next sections, that the B-Splines
form a basis for the Schoenberg space. There are different methods to prove this fact, the one that
we will follow is based on the DeBoor-Fix quasi-interpolation approach.
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Dual functionals
In this section, we are interested in the construction of dual functionals (4;),;.,, for a family of

B-Splines (N]F ) . such that

<j<n

AZ(N;?) = 61‘1', Vi, j € {O, .. ,I’l} (8.6)

We recall the Mardsen’s identity 3.3:

(x=3)" =Y Wi ("N} (x)
J

where
Jtp
Vi, =[] Gi—» (8.7)

i=j+1

Proposition 8.3.1 — representation of polynomials. Let g € 1, then

gx) =Y uf ()N (x) (8.8)
j=0
where
p :l Y _1)Pr (") (2 \o(P=7) (7. 8.9
I'LJ (g) p' Z( ) Wbp(’rj)g (Tj) ( . )
*r=0

for some 7; € |a, b].

Proof. Let g € I, and 7; € [a,b]. Using the Taylor expansion (or Taylor form of the polynomial)
we get

p
s =) (p_lr), (x—7)" """ (1)) (8.10)

but using the Mardsen identity for y = 7;, we have

=) = Y1 Ry N )

by subtituting this expression in Eq. 8.10, we get

RUIR S SR DI EV A V.t LI PO TR s
g() rg‘a(p_r)';)( 1) p| IIIJW(TJ)NJ( )g (TJ)

Next, we give a general representation of any spline function in terms of B-Splines.
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Proposition 8.3.2 — representation of splines. Let g € .7,(T), then

g(x) =Y A ()N} (x) (8.11)

L —1)p-r (r) _DI’—V . Lt
Y (=D "y (7)Dy g(ty) 1 =1,

r=0
1| , iy
7t,‘-’(g)=]; rgo(—l)””w](-,;(fj)g(” (7)1 < T <tjrpi (8.12)
P r —r
L (0P E)D e(G) T =t

Proof. Let T; € [t},tj1p11]. We also denote by m; the integer such that T; € I := [ty , 1, +1]. There
are three cases to consider: either 7; is inside the interval I; or is equal to one of its bounds. For the
moment, let us consider the case where ,,,; < T; <1, + 1.

Since s|;; € 1, we use the representation of polynomials to get

m;
S|I_/: Z “ip(s’Ij)Nip

i=mj—p

on the other hand, since j <m; < j+ p, we have m; — p < j < m; and using the local independence
of B-Splines on /;, we get

A7 (s) = u5 (slr;)

The other cases are treated in the same way by replacing the derivatives on 7; by the right (left)
derivatives if 7; =1t; (or T; =11 p+1). |

R) If wedenote by u; the multiplicity of 7;in {¢;,1, - ,t;4,}, then y/;;l(rj) =0forallr <p;—1.

Therefor, the summation index in 8.12 starts from (i rather than 0.

Let T be a knot sequence associated to a set of breakpoints 7* for which each internal knot has a
multiplicity m;. From Prop 8.1.6, we know that a B-Spline N; has p — m; continuous derivatives at
a breakpoint ¢ with a multiplicity m;, which lies in the support of N;.

Proposition 8.3.3 — B-Splines as a basis for Schoenberg space. TODO

Proof. TODO |

Problems
TODO



9.1

9.2
9.2.1

9. Spline Approximation

Introduction

The aim of this chapter is to construct a spline approximation of a function f, in terms of B-Splines
as

Lf(x) =Y, L(/IN](x) ©.1)

Depending on the nature of the functionals A; the approximation will be global (interpolation and
least square approximation) or local (quasi-interpolation).

Examples

Piecewise linear interpolation

We consider in this example, a set of increasing points (which will represent our grid points)
Xo < x1 < -+ < x;. We also denote a = xg and b = x,,. We first construct a knot vector from the
grid points, by duplicating the first and the last points

Ty := {X0,X0, X1, -, Xm—1,Xm,Xm }

m
We consider the set of linear B-Splines associated to 77, denoted by (N }) o

]j=
Proposition 9.2.1 Let f € €[a,b]. The spline defined as

LF@) =Y £V () ©2)

Jj=0

satisfies the interpolation condition, i.e.

Ilf(xi) = f(xi) Vie {0, e ,m}
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I Exercise 9.1 Prove the previous proposition. "

9.2.2 Variation diminishing spline approximation
In the sequel, we present an approximation that preserves the bounds, monotonicity and convexity.
In addition, it reproduces all linear piecewise polynomials.
Definition 9.2.1 — Variation diminishing approximation. Let f € €’[a,b] and p a positive
integer. Moreover, we consider a p + 1-regular knot sequence T = {f, - ,fy4p+1}, With t, = a
and 7,11 = b. We also define the knot averages, also known as the Greville points,

1
l‘;:;(tj+1+...—|—lj+p) 9.3)
The Variation diminishing spline approximation of degree p to f, on the knot sequence 7, is
defined as
n
VF(x) =} fE)N] (x) ©.4)

R) The first knot #y and the last one #,1,+1 do not appear in the definition of the Greville points.

R) Ifallinternal knots occur less than p + 1, i.e. the Schoenberg space ./,(T) C %’|a,b], then

*

[p<t<..<t,

Preserving the bounds

n
Lemma2 Ifg= Y ¢ ij’-’ is an element of the Schoenberg space .#,(T'), then
j=0

min ¢; < g < max ¢;
0<j<n 0<j<n

Proof. Since the B-Splines are positive, we have

n n
s (£) <x< o (£)
we conclude by using the fact that the B-Splines forms a partition of unity. |
Proposition 9.2.2 Let f € €|a,b] such that m < || f|| < for some real numbers m and M. Then
m< V£l < 9.5)

n
Proof. Since Vf(x)=Y f (tj*)Nj-’ (x) and for all 0 < j <n we have m < f(#;) < M. We conclude
J=0

by using the previous lemma. |
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Preserving the monotonicity

n
Lemma3 Ifg= Y} c.,-Nj7 is an element of the Schoenberg space .#,(T'), then
j=0

1. if VjO< j<n—1,c; <cjy then g is increasing
2.ifVj0< j<n—1,c;>cjy then g is decreasing

Proof. We shall assume p > 1, since the case p = 0 is straightforward. We shall also give the proof
only for the first point, the second case is treated in a similar way. Let x € [a,b], we have

~1
g(0) =Y VeN! ()
J
with Ve := m (cj—cj-1).
But since Vc; > 0, then g’(x) > 0. Therefor g is increasing. [ |
Proposition 9.2.3 If f € €[a,b] is increasing (decreasing) then V f is increasing (decreasing).

Proof. We use the fact that the coefficients in the Variation diminishing approximation are the
evaluation of the function f at the Greville points. The order of these coefficients will be given by
the monotonicity of the function f. Then we use the previous lemma to conclude. |

Preserving the convexity

Lemmad Ifg= Y ¢ J-Nf is an element of the Schoenberg space .7,(T ), then g is convex if
j=0

VCJ'SVCJ'+1 \V/Oﬁjgn—l

Proof. We shall consider two cases
1. g is differentiable everywhere.
Then we know that

() =YV ()

But since Vc; < Ve V0 < j<n-—1, and using the lemma 3, we get that g is an
increasing function, which means that g is convex.

2. Now assume there exists only one point z where g is not differentiable and let xy < x; <, be
three points in [a, b]. We shall prove that

gx1) —glxw) _ glx) —glx)
X1 — X0 - Xy —X|

The case where z ¢ (xo,x2) is covered by the previous point. The interesting cases are the
one for which z € [xg,x;]. Assume for the moment that xo < z < x;. Then using the fact that

g(x1) —g(xo) ﬂ@—gﬁwz—MJ+g@O—g&)m—z

X1 — X0 Z—X0 X1 — X0 X1 —Z2 X1 — X0

we get

8(r) —gxo) _ glx1) —8(2)
X1—Xxo  X1—z
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but since g is convex on the right of z, we have also

g(x1) —8(z) < g(x2) —g(x1)
X1—2 - X2 — X1
then
g(x1) — g(xo0) < g(x1) —8(z) < g(x2) —g(x1)
X1 —Xo - X1 —2 B X2 — X1

Now if z = x, we use the mean value theorem and the fact that f” is increasing at the interior

of each sub-interval.

The other cases and the one with several discontinuities is treated in a similar way.

Proposition 9.2.4 If f € €[a, D] is convex then V f is convex.

Proof. 1f f is convex then we have

S 1) fG0) — f)

* * —_— * *
=1t i1 =1

VC]'SVC]‘_H VOSan—]

where ¢; = f (tj*) We conclude by using the previous lemma. |
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Quasi-Interpolation

In this section, we give a general procedure to construct quasi-interpolant for B-Splines and we
provide some examples.

General recipe for quasi-interpolants

In the sequel, we shall give a general procedure to construct local approximation on a Schoenberg
space. Let f € €[a,b]. We will denote the quasi-interpolant by 2 and assume that

2f =Y M(fIN} (9.6)
j=0

1. We consider a span index j,

2. We assume that there exist y and v such that the interval I := [t,#,] C [a,b] and the interior
of IN[t,j4p+1] is not empty.

3. We choose a local approximation method P! and determine an approximation P! f to f on /
such that

v—1
P’f _ Z biNlp 9.7)
i=p—p
4. We set the coefficient A;f in Eq. 9.6 to b;
The last point makes sense only if 4 — p < j < v — 1, which is true since it is equivalent to having
j+1<vandv < j+ p. But this is simply a consequence of the second point.

It is important to notice that the global representation of polynomials and splines are just a
consequence of the local case. The following lemma states this idea.

Lemma 5 If 2 is constructed using the previous procedure, then for an integer [ < p, if P!
reproduces the polynomial space IT;(I) the quasi-interpolant 2 reproduces also all polynomials of
degree [ on [a,b], i.e.

Plg=g VgeIlj(I) = 92g=g Vgell (9.8)

Moreover, if P/ reproduces the splines on [ then it reproduces the splines on [a,b], i.e.

Plg=g Vge Sp(T,I) =Z2g=g Vge.7(T) (9.9)
Proof. TODO |
Examples

In the following examples, we assume that all interior knots are distincts.

Piecewise linear interpolation

In this case, we can define I := [t;,7;11] and
P'f = f(t) )N}, + f(tjs1)N;
which gives the global approximation

2f = Zf(zj)N} (9.10)
J
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3-point quadratic quasi-interpolation

We consider / := [tj,1,tj2] and the local spline space .75(T, 1) := span( fi-1<i<j+ 1)
On I we take three points

=1j+1

j tiv1ttj42
1="72
x2 =1lj42

The local approximation is defined as
j+1
Plf="Y bN; 9.11)
i=j—1
In order to find the coefficients b;, we need to solve the linear system

Plf(x))=f(x]), ke{0,1,2} (9.12)

In the next section, we shall show how to compute these coefficients. For the moment, we will give
the global approximation in terms of the functionals A;

f(IO) _7]. =0 . .
Aif = —3f () +2f () — 3/ () 1<j<n—1 0.13)
f(tn-H) ).j =n
5-point cubic quasi-interpolation

We consider I := [tj,1,t;3] and the local spline space .%5(T,I) := span (N}, j —2 < i < j+2).
On [ we take five points

0, =Tlj+1
x{ f/+1-£l;+2
Xy =12
xé l;+242r[/+%
x4 =1j+3

The local approximation is defined as

Jj+2
Plf="Y bN; (9.14)
i=j—2

In order to find the coefficients b;, we need to solve the linear system
Plf(e)=f(q), ke{0,1,2,3,4) 0.15)

The global approximation in terms of the functionals A;

f(t3) =0 . . .
— % ( 5f( 0)+407(x)) ~ 247(:d) + 8 () ~ () ) j=1
Kif = =4 (1) =86 +207 () =87 () + £) 2<i<n-2 010

—%( SO +81(x) —24£(x) +40£(x]) — Sf(x£)> j=n—1
f(tn-H) yj=n
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Computing the coefficients functionals

In the sequel, we shall explain how to compute the coefficients A; through the example of the
3-point quadratic quasi-interpolant.
We will be looking for A; in the general form

Aj f = @0 f () + o f(x]) + @rf (x))

By taking f to be one of the B-Splines {NJZ_1 ,NJZ,N]Z .1} we get the linear system

z’jN]Z—l = a’ONZ 1(x0) + wlNz 1(x{) + a)2N2 1(xé)
AiN? = a)0N2 (xo) + a)1N2 (xl) + szz (xz) 9.17)
A N/+1 = “’ON%H(X(])) + O] +1(x1) + N +1(x2)

On the other hand, by construction we have A; N = 0;;. Therefor, the left hand side of our system 18
known. Now what remains is to have numerical values for the B-Splines evaluation on {xo,x1 ,xz}
Since I = [tj41,tj4+2] only the knots ;| and ¢, are seen by the space of quadratic polynomials on
I. We can then extend theses knots with any knots we want to get a set of B-Splines that can be
easily evaluated (let’s say analyticaly). The simplest way is to consider the Bernstein polynomials,
meaning we take the knot sequence {#;41,%j41,%j+1,%j4+2,%j4+2,%j4+2}. In this case, we get the linear
system

@oB3(0) + @i BJ(%) + B3 (1) =0
@B} (0) + @B} () + B3 (1) = 1 (9.18)
@0B3(0) + @1 B5(5) + @B3(1) = 0

which gives
0 = w + 0
1 = o (9.19)
0 = 0+

Therefor
w = —3
o = 2 (9.20)
w = —3
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Global approximation

Interpolation

Given the set of interpolations points X := {xg,--- ,x,} and data ¥ := {yo, -+ ,y,}, we aim to find
a spline s such that y; = s(x;) . The Spline interpolation problems is

n
Definition 9.4.1 — Spline interpolation. Find a spline s := Y, ch;’ € .%,(T) such that
Jj=0

s(xi) =i 0<i<n (9.21)
In a matrix form, the Spline interpolation problem writes
Mc=y (9.22)

where c is the unkown vector of the spline coefficients,

M is the collocation matrix given by

N(Z (xo0) ... N,z (x0)
M NO gxl) N Nn ?xl) (923)
Nf (x,,) N? (xn)

while y is the given data

Yo
N

y=1.

Yn

Notice that when interpolating a function f, the given data will be y; := f(x;).

In general the linear system given by the Eq. 9.22 is not always solvable. The following result

by Whitney-Schoenberg gives a necessary and sufficient condition to ensure that the interpolation
problem has a unique solution.

Theorem 9.4.1 The collocation matrix is nonsingular if and only if the diagonal elements are
positive, i.e.

N'(x;)) >0 Vie{0,...,n} (9.24)
This condition is also equivalent to

i <xi <tiypr1 VieA{0,...,n} (9.25)
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I Exercise 9.2 Show that the Greville points fullfill the Whitney-Schoenberg condition Eq. 9.24.

Histopolation

Another interesting way to approximate a function, is to preserve the integrals between given
points, rather than the value of the function on these points. Given the set of interpolations points
X :={x0," - ,xy+1} and a continuous function f, the histopolation problem writes

n
Definition 9.4.2 — Spline histopolation. Find a spline s := Y, chf’ € .7,(T) such that
j=0

Xit+1 Xit1
/ sdx = fdx 0<i<n (9.26)

In a matrix form, the Spline histopolation problem writes
Mc=y 9.27)
where c is the unkown vector of the spline coefficients,
co
1
Cn

M is the histopolation matrix given by

Jo N§dx ... [3Ny dx
Y f;?]\./g dx ... f;lzN,f dx ©.28)
S N{)’ dx o N,"l7 dx
while y is the given data
S f dx
f;]zf dx
Y= :
[ f d
Theorem 9.4.2 The histopolation matrix is nonsingular if and only if
i <X <tiypy1 Vie{0,...,n} (9.29)
Proof. TODO |

Histopolation using M-Splines

Rather than using the B-Splines for the histopolation problem, one can use the M-Splines. In this
case, the histopolation matrix given in Eq. 9.28 can be computed easily using the following result.
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Proposition 9.4.3 For every 0 <i<nand 0 < j <n, we have
P iy p p
/X | MY (e) dt =Y (N (xi) = N (xi41)) (9.30)

k=0

Proof. Integrating the relation $N? (¢) = MY (1) — M! 1 (¢) on the interval [x;, x;4 1], we have

NGt =N ) = [ (M) ML, ()

summing the last equation for k =0to k = j— 1, we get

it xipr 1
Y (V) =NE ) = [ F (M0 =2, 1)
k=0 xi. k=0
:/:IH (Mé’(r)—Mf(t)) dr
hence,

R) The last result gives an optimized implementation for the assembly of the histopolation matrix,
since the right hand side term can be computed by accumulating the summation for each j.

Least-square approximation

In the sequel, we consider a set of points X := {xo,---,x,} where m > n and given data Y :=
{»0,**+,¥m}. The least square problem writes

n
Definition 9.4.3 — Spline least-square approximation. Find a spline s := ), chJ’.’ € 7(T)

j=0
such that
m
. 2
min g(xi) —yi (9.31)
geyo,m,,o( () =)

where (w;);", is a set of positive weights.

Lemma 6 The problem 9.31 is equivalent to the linear least square problem

min ||Mc — b||? (9.32)
ceR?

where M;; = /wiN? (x;) and b; = \/Wiy;.

Proof. TODO u

Lemma 7 The matrix M’ M is symmetric and nonsingular.

Proof. TODO |
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Proposition 9.4.4 The problem 9.32 has a solution given by
M"Mc=M"b (9.33)
The solution is unique if M has linearly independent columns.

Proof. TODO |

Theorem 9.4.5 The problem 9.32 has a unique solution if and only if we can find a sub-sequence
(xi,)]—o such that

NP(x;)#0 VIe{0,...,n} (9.34)

Proof. TODO |
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Approximation with Quasi-Interpolation

In this section, we are interested in local linear methods to construct an approximation of a given
function f. This means that each functional A; will be a linear functional that depends only on the
values of f on the support of N7 .

In the sequel, we will assume that f € 4"~ '[a,b] and we consider a knot vector such that t, = a and
th—1 = b. We first start by giving some definitions.

Definition 9.5.1 Let S C [a,b] be a nonempty set. A linear functional A : €' ~![a,b] — R is said
to be supported on § if

A(f)=0, VYfec% '[a,b] suchthatf|s=0 (9.35)

Definition 9.5.2 The quasi-interpolant 2 is called a local quasi-interpolants if
1. each 4; is supported on the interval I;, where

I := [ti,ti+p+1] m[a,b] (9.36)
2. the quasi-interpolant 2 reproduces IT;, for some [ € [0, p], i.e.
2f(x) = f(x), VYx€la,blandVf eIl (9.37)

Definition 9.5.3 A local quasi-interpolant 2 is bounded in a L,-norm, with 1 < g < o, if there
is a constant C ¢ such that for each A; we have

1
Vet a,b], |Aifl <Coh; || fllL,m) (9.38)
with h; = max sy, —1, with D; := [max(i, p+ 1)],min(i + p,n)].
e
Lemma 8 Suppose that f € L,([t,,ty41]) for some g, with 1 < g < oo and there exists a set of

strictly increasing integers {m;,,--- ,m;, }, with ¢, < Iy, and Ty, +r < t,+1 for some positive integer
r and integers i; and i;. Then

1
i q L
(Z |f||z‘1([tm_i’tm_i+rp> = ||f”Lq([prn+1]) (9.39)

J=i

Proof. TODO |

Theorem 9.5.1 — Local estimation. Let 2 be a bounded local quasi-interpolant in an L,-norm,
with 1 < g < oo, Let [ and p be integers with 0 <[ < p. Suppose t,,, < t;y+1 for some p <m <n
and let f € W)™ (J,,) with

I = [tm—patm-‘rp-‘rl] m[a7b]

Then
1f = 2F Nyt < (l,) (1+Co) i 17Vl o, (9.40)
where h,,, = max tiy1—t;

m7p§i§m+p7[ti7ti+l]cjm
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Proof. We recall that for [ > 0, f is a continuous function. Let x € [f,,,1,,+1). Using lemma 2 and
the fact that 2 is bounded in L,-norm, we have

_1
[2f@)< max |Aif|< max  Coh;®|flle,u

—p<j<m
Buttyi1—t, < max hjandJ,= U I}, we get
m—p<j<m m—p<j<m
12 F Ly (i) < C2llF 1L, ) (9.41)

Now let g be any polynomial of degree /, i.e. g € I1;. Since 2 reproduces all polynomials of degree
[, we have

1f = LSl (mitme)) <N =8|y (tmitmir)) T 1208 = Ol Ly ltmstmir])
But since [ty tm+1] C Jm, using Eq. 9.41 we get

1f = 2z, (it T +C2) I f = 8l )

Now let us choose g to be the Taylor polynomial of degree ! with T = max(t,,—p,a). Byt taking
r =0 in refTODO we get

I+1
< @p+1)

1f = 8ly) < A Iy 0 (9.42)

Therefor

(Zp—l—l)lﬂ

||f_ Qf”Lq([l,n.,lerlD(l +C«=O-2) l'

R o

Theorem 9.5.2 — Global estimation. Let 2 be a bounded local quasi-interpolant in an L,-
norm, with 1 < g < oo. Let [ and p be integers with 0 <[ < p. For all f € qu“([a,b]) we
have

1
(2p+ 1)l+1+5
If = 2fllz,(ap) < — (1+C2) A £V ) (9.43)
where h = max t;11 — ¢t
p<i<
Proof. Use the local estimation theorem and the lemma 8 gives the desired result. |

Quasi-interpolation and reproduction of polynomials

In order to use the previous results, one still needs to show that a quasi-interpolant reproduces
polynomials of a given degree /. In the sequel, we shall give conditions to find the degree /.

Proposition 9.5.3 We consider a set of n 41 basis functions for I1;, given by

{9j0:--> 0}, j€{0,...,n}, 0<I<p (9.44)

and we consider their B-Splines representations as
n
¢ij =Y ciigNf (9.45)
k=0

A linear quasi-interpolant 2 reproduces I1; if the corresponding linear functionals satisfy

A‘j(¢ij)zcjij7 je{(),...,n}, l€{07al} (946)
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Proof. TODO u

The next proposition gives a sufficient condition for a quasi-interpolant to reporoduce the
Schoenberg space.

Proposition 9.5.4 The linear quasi-interpolant 2 reproduces the whole spline space if
1. 2 reproduces IT;
2. each linear functional A; is supported on one knot interval

[ty ty1) C (8524 ps1] (9.47)

Proof. TODO |

Examples
Variation diminishing approximation

Proposition 9.5.5 For every function f € W2([a,b]) we have

1F =V Flliar) < 222+ DR | e(an) (9.48)

Exercise 9.3 Prove the last proposition.
(Hint: use the global estimation theorem with the L..-norm.) n

3-points quadratic quasi-interpolation

Proposition 9.5.6 For every function f € W3 ([a,b]) we have

1f = 2211 ial) < 250 11 F 1 iae (9.49)

Proof. TODO |

Approximation power of Splines

The following result gives the approximation power on the Schoenberg space. After stating this
important result, we shall give the proof through different steps.

Proposition 9.6.1 — Approximation Error. Let f € qu“([a,b]) with1 <g<ooand0< 1< p.
Then there exists a spline s, € .7, (T') such that

1D = 59l sy < KE D gy 0 < 050

where h := max and K is a constant depending only on p.
p<j<n

R) The constant K grows exponentially with p, but can be removed in some cases.

Problems
TODO
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11.1

11. Functional Analysis

Notations and Preliminaries
In the course of the lecture we shall work with the Sobolev spaces H™(Q), H(div,Q) and H (div,Q)
and recall here there basic properties without proof. For a more detailed presentation with proofs
we refer to Section 2.1. of [1].
» we use blodface notation for spaces of vector functions. For instance in 3D, H' (Q) denotes
the space (H' (Q))3.
* for an operator d € {V,Vx,V- }, we denote the kernel space ./"(d) while the range will be
Z(d).
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We shall need the following Sobolev spaces, given first without boundary conditions,
H'(Q —{q)EL2 (Q), Ve L*(Q)} (11.1)
H'(Q)={¥ecl*(Q), V¥ L*(Q)} (11.2)
H(curl,Q )={¥el*(Q), VxPecL(Q)} (11.3)
H(div,Q) = {¥c *(Q), V- ¥ e L*(Q)} (11.4)

and using the correspondant boundary conditions,

Hg )={peH'(Q), =0 ondQ} (11.5)
(Q)={¥eH'(Q), =0 ondQ} (11.6)
Ho(curl Q)={¥Y < H(cur,Q), ¥xn=0 on dQ} (11.7)
Hy(div,Q) = {¥ € H(div,Q), ¥-n=0 on JdQ} (11.8)
13(Q) = {cpeL2<sz>; / <p=o} (119)

Scalar-valued test functions will be denoted by ¢, while ¢; will denote a scalar basis function, after

reordering all the basis functions of a given discrete space.

Vector-valued functions will be written in bold, like u, v. ¥ will denote a vector-valued test function,

while¥; will denote a vector-valued basis function (after reordering the basis functions).

Even if most of what follows holds for both the 2D and 3D cases, we will restrict our studies to
the 2D one. We recall that in 2D, there are two curl operators, one acting on scalars V x ¢ =
(dy¢,—0x¢) and one acting on vectors V x ¥ = J,¥ — d,¥". Differential operators that return
a vector (grad, curl) will be written in bold (V,V x). We also recall the Green formula for the

divergence and curl/rotational operators

/(V-F)G:—/F-VG—i—/ (F-n)G, VF cH(div,Q),YG € H'(Q)
Q Q oQ

/(ch).pz/cwp_/(9 (Gxn)-F, VFeH(curl,Q),YG € H'(Q)
Q Q Q

IfQCRY u= (ur,uy,...,ug) and ¥ = (¥, ¥s,...,¥,) , we recall the notation

d
Vu: V= /V,--V‘Pl-
A AL

11.2 Sobolev spaces
We shall denote by Z(Q) the space of distribution.

11.2.1 The Sobolev space W*"
We start by recalling the definition of Sobolev spaces:

(11.10)

(11.11)

(11.12)

Definition 11.2.1 Let s and m be two integers with s > 0 and 1 < m < . The Sobolev space

WM(Q) is defined as
W (Q)={ue 2'(Q), D*uc L"(Q),|a] <s}

The space W*™(Q) can be equipped with norm

lullwsmi@y ==Y, 1D%ull1r(q)

|a|<s

(11.13)

(11.14)
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The Sobolev space H™
For any integer m > 1, one can define
H™(Q) =W™(Q) := {v € [*(Q) | D% € L*(Q), |a| < m} (11.15)
H™(Q) is a Hilbert space equipped with the scalar product
Vo= Y, / D*uD%*v (11.16)
' a|<m” &

the associated norm will be denoted || - || .o.
The most classical second order operator is the Laplace operator, which reads in an arbitrary
dimension d (generally d = 1,2 or 3),

4 9%y
Au = Z—
5 oxg

The classical Green formula for the Laplace operator reads: for u € H'(Q) and v € H'(Q)

d
—/Auvdx:/Vu-Vvdx—/ —uvdc. (11.17)
Q Q 90 dn

For essential boundary conditions related with this Green formula we shall define the space
Hy(Q) = {v € H'(Q) |30 = 0}.

Another classical operator which comes from elasticity is the bilaplacian operator A% = AA,
which is a fourth order operator. The Green formula needed for variational formulations of PDEs
based on the bilaplacian reads

/Azuvdx:/quvdX—l—/ u@—v@JrAu@—Av@ do (11.18)
Q Q 90 on on on on

v
H}(©) = (v € H'(@) | vaa =0, 27 ],,=0}

Inequalities

Lemma 9 — Poincaré. Let 1 < p < oo and Q be a bounded open set. Then, there exists a constant
C =C(p,Q), such that

WeW,”(Q), Clvlle) < IVl (11.19)

The Sobolev space H(curl, Q)
The Sobolev space H(div,Q)
DeRham sequences

For any function u € H'(Q) we have V x Vu = 0. On the other hand, we have for any function u €
H(curl,Q), V-V x u = 0. We just have shown that V(H'(Q)) C .4 (Vx) and V x (H(curl, Q)) C
A (V-). This is summarized in the following diagram, known as DeRham sequence, without
boundary conditions in this case,

R < H'(Q) —— H(curl, Q) —— H(div,Q) —— L*(Q) — 0 (11.20)
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and using the correspondant boundary conditions,
HL(Q) —Y— Ho(curl, Q) —— Ho(div, Q) ——— [3(Q) — 0 (11.21)

In fact, DeRham complexes are sequences of spaces V; and operators d; such thatd;y;od; =0.
It leads to a sepcific algebraic structure that has been subject to active research in Analysis and
Algebraic Geometry. or in a differential forms setting

d d d

R < A° Al A?

s A3 —0 (11.22)

where d stands for the exterior derivative, while A¥ is the space of k-forms.

v V x V.
H'(Q) — H(curl,Q) — H(div,Q) — L[*(Q)
grad 1 di 2
P | Pt | Rl | P |
V x

Vi(grad, Q) — Vi(cur,Q) — V,(div,Q) — V,4(L*,Q)

Exact discrete DeRham sequence
Space decompositions
More details can be found in [9, 15].

N (V) = VHN(Q) ® (VH(Q)) (11.23)
where (VH] (Q))L is the orthogonal of H{}(Q) in Ho(curl, Q) with respect to its inner product. We

denote this space Ky(Q), which is refered as the normal cohomology space.

L

Ky(Q) := (VHy (Q)) (11.24)

Ky (L) is the space of harmonic functions which vanish on the exterior and are constant in the
interior connected components of Q. Note that Ky (Q) C H}(Q).

Theorem 11.5.1 If u € Hy(curl,Q), such that V x u = 0, then there exists a unique scalar
potential p € H}(Q) and a function fy € Ky(Q) such that

u=Vp+fy (11.25)

Theorem 11.5.2 — Helmoltz Decomposition. For every u € L*(Q) there exist a unique
* pEH}(Q)
* fv€Kn(Q)
cAc{wecH(cur,Q), V-w=0,n-w=09Q, <w-n,1 >r,=0}

ensuring the following decomposition

u=Vp+VxA+fy (11.26)
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Rr) If Qishomotopy equivalent to a ball, then
N (Vx)=VH}(Q) (11.27)
Therefor, the Helmoltz decomposition writes

U=Vp+VxA (11.28)

Theorem 11.5.3 — Regular Decomposition of H(curl,Q). For any u € H (curl, Q) there exists
av € H'(Q) such that

1. Vxv=Vxu

2. |Vl 2y S el 20

3. ||V||H1(Q) SV “HLZ(Q)

The following result can be found in [Pasciak2002a] and [Zhao2002a].

Theorem 11.5.4 — Regular Decomposition of H,(curl,Q). For any u € Hy(curl,Q) there
exists a v € H)(Q) such that

1. VXxv=Vxu

2. |Vl 2y S el 2o

3. ||V||H(1)(Q) SV x "HLZ(Q)

11.6 Problems
TODO
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12. Galerkin methods

Abstract framework

We consider a and L to be continuous bilinear and linear forms, respectively, on a Hilbert space V.
We want to find a computable approximation for the solution u € V of the variational problem

a(u,v)=(L,v), YveV (12.1)

where ( -, -) denotes the duality product between V' and V.

The idea of Galerkin approximation, is to find the solution in a family of subspaces of finite
dimension, then prove that the constructed solutions converge to the solution of the variational
problem Eq. (12.1). There are two major strategies, the first one is based on the coercivity and
the other one on the inf-sup conditions. While the coercivity is easy to use, unfortunately, most of
problems in CFD do not fullfill it.

Definition 12.1.1 — V-ellipcity or Coercivity. a is said to be coercive, if there exists a constant
a > 0 such that

alvv) > oz, WveV (12.2)

Definition 12.1.2 — inf-sup conditions. « is said to statisfy the inf-sup conditions, if there
exists a constant & > 0 such that
1.

sup V) S Gully, Vuev (12.3)
vev ||V||V

2.
sup 2 S gl wwev (12.4)

uev |ullv
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R) Notice that when a satisfies the inf-sup conditions and it is symmetric, then both conditions
are the same. In general, the two conditions can be written as

inf sup alu,v)

7 50
ueV ey [lullv[[vllv

and

inf su a(u,v)

P >0
veVuey [[ullvlvllv

Finally, let us notice that the coercivity implies the inf-sup conditions.
Lemma 10 If a is coercive then it satisfies the inf-sup conditions.

Proof. We have

a(u,v) _ a(u,u)

sup >
vev [llv: = ullv
then we conclude using the coercivity of a. |

Galerkin Approximation

We consider a family of finite dimensional subspaces of V, denoted by (V},),-,. The Galerkin
approximation uy, € Vj, is defined as the solution of the varional problem Eq. (12.1) by restricting
the test functions on V,, i.e.

a(up,v) = (L,v), YveV, (12.5)

It is important to notice that while coercivity is inherited on subspaces, the inf-sup conditions are
not. It is therefor important to have an additional inf-sup condition on the subspace, known as
stability condition.

Convergence under coercivity

We recall Cea’s lemma, which states that the Galerkin approximation is bounded by the best
approximation of u from the subspace.

Lemma 11 — Cea. If a is a continuous and coercive bilinear form, then

M
— < — inf ||u— 12.
Ju—wlly <7 inf la—vily (126)

Proof. Since both u and uy, are solutions to the variational problem (12.1) respectively on V and V},
we have

a(u—up,v)=0, YWweV,
therefor, for v € V},, we have

a(u—up,u—v) =alu—up,u—up)+a(u—up,u,—v)=a(u—uy,u—uy)
Using the coercivity, we have

allu—upllv < a(u—up,u—up) = a(u—up,u—v)
finaly, the continuity of a gives

alu—up,u—v) < Mllu—upv|u—vly

by combining the two previous inequalities we get the desired result. |
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Theorem 12.2.1 If a is a continuous and coercive bilinear form and the subspaces V), are such
that

limd (u,Vy) =0 (12.7)
h—0

with d(u,V),) := in‘;~ |l —v||y. Then
vevy

li =
Proof. Follows immedialty from Cea’s lemma. |

12.2.2 Convergence under inf-sup conditions

As mentioned before, the inf-sup conditions are not inherited on the subspaces Vj,. In general, we
must prove that there exists § > 0, such that the inf-sup holds on V},, i.e.

s 400

vev VIl

> Bllullv, YueV, (12.8)

Idealy, 8 should be independent of N, in order to get the convergence.

Exercise 12.1 Prove that the second part of the inf-sup conditions is a consequence of the
inequality (12.8). "

As in the coercive case, we first state a result that compares the Galerkin approximation with the
distance to the space of approximation. This result is a generalization of Cea’s lemma, and is due
to Babuska.

Lemma 12 — Babuska. If a is a continuous bilinear form and satisfies the inf-sup+stability
conditions, then

M
”M—l/tth < <1+ﬁ> vlg\g, HLt—VHV (129)

Proof. Letv € Vj,. since v —uy, € V,, the stability condition gives

a(v—up,
sup A0 By iy
oevi,  l9llv
but a(u — uy,v) = 0, meaning a(v —up,¢) = a(v—u, @) for all ¢ € V;,. Now using the continuity
of a we get

a(v—u,9)

M||v—ully > sup

> Bllv—unllv
oev,  19llv

we conclude the proof by using the triangle inequality

M
[lu—unlly < flu—=vllv+ [y =wllv <llu=vly+Zlv—-ulv

B



12.2.3

104 Chapter 12. Galerkin methods

Theorem 12.2.2 If a is a continuous bilinear form and satisfies the inf-sup+stability conditions.
If the subspaces V}, are such that condition (12.7) holds, then

li =
Proof. Follows immedialty from Babuska’s lemma. |

R) Under the additional stability condition, we have ||uy ||y < %HLHV/, which is valid uniformuly
in N if B is independent of N.

The three basic aspects of the Finite Elements method

Let Q ¢ R4, with d > 1, be a bounded domain.

In order to apply the Galerkin method, we face, by definition the problem of constructing the
family of finite dimensional subspaces V;, C V, such that V is H'(Q), H} (Q), H*(Q), H(curl,Q),
... As stating by P. Ciarlet, the Finite Elements Method is in its simplest form, a specific process of
constructing the family (V}),. This construction is characterized by three basic aspects and are
described below. -

First basic aspect: Triangulation
A triangulation .7}, is estabilshed over Q, i.e. Q is subdivided into a finite number of subsets K,

called finite elements, such that

1. Q= U K
Ke,
2. forall K € }, K is closed and its interior is not empty

3. for all K| # K, € 9, we have K ﬂl&g =0
4. for all K € 7, dK is Lipschitz-continuous

Second basic aspect: power approximation
On every K € .7, a space of functions Py is constructed. Pg should contain polynomials or
functions which are close to polynomials.
* this is the key to all convergence results
* it is also important for having simple and fast computations of the coefficients of the resulting
linear system

Third basic aspect: basis functions

There exists at least one canonical basis in the space V;, whose corresponding basis functions have
a local support property, are as small as possible and can be easily described. This aspect leads to
sparsity in the resulting matrix.
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Examples
Scalar linear elliptic equations of second order
For Q C R?, we consider the following problem

- X axi (aijaxju) =f, Q
1<ij<d
u =0, 0Q

where the coefficients functions a;; : Q — R are bounded and there exists y > 0 (ellipticity condition)
such that

WwiP< Y ajx)yy;, VreQ, vyeR? (12.11)

1<i,j<d

(12.10)

Before writing the variational formulation associated to (12.10), we need to define the space of
function V which is in this case given by V := H{ (Q) where

H)(Q)={uc H'(Q), u=00ndQ} (12.12)
and
HY Q) ={uecLl*(Q), Vue (L*(Q)%} (12.13)

H} (Q) is a Hilbert space under the norm || - || Hi() With

lulZ ) = el + V2l 22 (12.14)
the bilinear and linear forms are given by
a(u,v):= Y. /aijax/uaxivdx
1<ij<a?®

and

<L,v):/vadx

Using the ellipticity condition, the boundness of the coefficients and the Poincaré inequality, we
show that a is coercive and continuous. Moreover, if f € L?() then L is countinuous.

Biharmonic problem
We consider the following problem

Nu =f, Q
u =0, IQ (12.15)
Vu-n =0, 9Q

which is known as the homogeneous Dirichlet problem for the biharmonic operator /\. The space
of functions considered in this example V is given by V := H3(Q) where

H}(Q)={ucH*(Q), u=Vu-n=00n9dQ} (12.16)
and
H*(Q) = {uc L*(Q), Vuc (L*(Q))"} (12.17)

HZ(Q) is a Hilbert space under the norm v — | Av| 12(e) With the bilinear and linear forms are given
by

a(u,v) ::/ Aulv dx
Q

and

(L,v) = /va dx
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H(curl,Q)-elliptic problem
Let Q C R? be an open Liptschitz bounded set, and we look for the solution of the following
problem

{Vxqu+,uu =f Q (12.18)

uxn =0, JQ

where f € L?(Q), pu € L*(Q) and there exists o > 0 such that > o almost everywhere. We
take the Hilbert space V := Hy(curl,Q), in which case the variational formulation corresponding
to (12.18) writes

Find u € V such that
a(u,v)=I1(v) WYweV (12.19)
where

{a(u,v) = JoVXu-Vxv+ [ouu-v, Vu,veVv (12.20)

l(v) = [ov-f, YweV

We recall that in Ho(curl,Q), the bilinear form a is equivalent to the inner product and is
therefor continuous and coercive. Hence, our abstract theory applies and there exists a unique
solution to the problem (12.19).

H(div,Q)-elliptic problem
Let Q C R? be an open Liptschitz bounded set, and we look for the solution of the following
problem

-VV.u+puu =f, Q
{ uxn =0, JdQ (1221)

where f € L?(Q), u € L*(Q) and there exists to > 0 such that g > o almost everywhere. We
take the Hilbert space V := H(div,Q), in which case the variational formulation corresponding to
(12.21) writes

Find u € V such that
a(u,v)=I1v) YweV (12.22)
where

{a(u,v) = JoV-uV-v+ ouu-v, Yuvev (12.23)

lv) = [ov-f, YweV

We recall that in Ho(div, Q), the bilinear form a is equivalent to the inner product and is therefor
continuous and coercive. Hence, our abstract theory applies and there exists a unique solution to
the problem (12.22).
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Saddle-point problems

In the sequel, we consider a special case of the problem (12.1).

Consider two Hilbert spaces V and W, two continuous bilinear forms a € .Z(V x V,R) and
b e Z(V xW,R) and two continuous linear forms Iy € Z(V,R) and ly € £ (W,R). We denote
M, and M,, the continuity constants for the bilinear forms a and b respectively. Then we define the
abstract mixed variational problem as Find (u, p) € V X W such that

{a(u,v) + bvp) = I(v) WeV (12.24)

blu,q) = lw(q) VgeW

Many problems arising in CFD fit into this abstract framework, such as the Stokes equation.

For saddle point problems the Lax-Milgram framework cannot be applied. The alternative solution

is then to use the inf-sup conditions, known in this case as Banach-NecCas-Babuska (BNB) theorem.
The link with the previous section is achieved by using the bilinear form ¢ € Z(X x X,R)

c((u,p),(v,q)) :=a(u,v)+b(v,p)+b(u,q) (12.25)
and the linear form Iy € .Z(X,R)
Iy (v,q) := Iy (v) + lw (q) (12.26)

with X :=V x W endowed with the norm ||(u, p)||x := |Jullv + || p||w-
Let us introduce the operators A : V — V' and B : V. — W’ such that

(Au,v)yry :=a(u,v) V(u,v) €V xV (12.27)
and
<Buap>W’,V = b(uap) v(”?])) cVxw (12.28)

Since all Hilbert spaces are reflexive Banach spaces, we have W” = W. Hence we can define the
following operator BT : W — V’ such that

(B"p,u)yryw :=b(u,p) V(u,p) €VxW (12.29)
Therefor, the problem (12.24) is equivalent to Find (u,p) € V x W such that
Au + B'p = Iy
{ Bu = Iy (12.30)
Now, let us introduce the nullspace of B
KerB:={veV,VgeW b(v,q)=0} (12.31)

The following theorem gives shows under which conditions the saddle problem (12.24) has a
solution.

Theorem 12.3.1 The variational problem (12.24) admits a unique solution if and only if
1) there exists & > 0, such that

inf sup awy)  ~ o
uEKer B veKer B

VveKerB, (VuecKerB, a(u,v)=0)= (v=0)

(12.32)

2) The Babuska-Brezzi, or inf-sup condition, is verified: there exists B > 0 such that

inf supM >p (12.33)
a<W ey |vIlvligllw
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In addition, the following a priori estimates hold

ully < Lliylly + & 1+M ) 7
{ uel|v < ?H VHV 5( )l W”W (12.34)
B

pllw < 5 (1+Z) 10w llvr+ g (1 + Gl w e

A special case is when the bilinear form a is coercive. In this case, the first conditions can be
replaced by a coercivity on Ker B.

Theorem 12.3.2 Let V and W be Hilbert space. Assume a is a continuous bilinear form on
V x V and that b is a continuous linear form on V x W, that Iy and Ly are continuous linear
forms on V and W respectively and that the following two hypotheses are verified

1) aiscoerciveon K = {v €V |b(q,v) =0, Vg € W}, i.e. there exists o > 0 such that

a(v,v) > a|v|} WeK.

2) The Babuska-Brezzi, or inf-sup condition, is verified: there exists 8 > 0 such that

b
inf sup& >
9<W ey |lgllw[|vllv

Then the variational problem admits a unique solution and the solution satisfies the a priori
estimate

{ww< g+ 1440 e
1
B

(12.35)
pllw < 51+ T v llv + B (L4 ) llbw [lwe

The inf-sup conditions plays an essential role, as it is only satisfied if the spaces V and W are
compatible in some sense. This condition being satisfied at the discrete level with a constant 3 that
does not depend on the mesh size being essential for a well behaved Finite Element method. It can
be written equivalently

v7
Bllgllw < sup H( HQ) VgeWw. (12.36)

And often, a simple way to verify it is, given any ¢ € W, to find a specific v = v(q) depending on ¢

such that
_b0laha) _  bna)
vy ~ vev IIVllv

Bligllw <

with a constant § independent of w.

Examples
First mixed formulation of the Poisson problem
Let Q C R3 and consider the Poisson problem

Ap = Q
{ pp :é‘ o (12.37)

Using that Ap = V- Vp, we set u = Vp, then the Poisson equation (12.37) can be written equiva-
lently
u=-Vp, V-u=f.

Instead of having one unknown, we now have two, along with the above two equations. In order to
get a mixed variational formulation, we first take the dot product of the first one by v and integrate
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by parts

/u-vdx—/pV~de+/ pV-ndG:/u-de—/pV-VdX:O,
Q Q 90 Q Q

using p = 0 as a natural boundary condition. Then multiplying the second equation by g and

integrating yields
/ V-ugdx = / fqdx.
Q Q

No integration by parts is necessary here. And we thus get the following mixed variational
formulation:

Find (u,p) € H(div,Q) x L*(Q) such that

{fgu-vdx — fopV-vdx =0, Vv € H(div,Q) (12.38)

—Jo V- ugdx = — Jofqdx, VgqeLl*(Q)

Second mixed formulation of the Poisson problem
Here, we get an alternative formulation by not integrating by parts, the mixed term in the first
formulation but in the second. The first formulation simply becomes

/u-vdx+/Vp-vdX:O,
Q Q

and the second, removing immediately the boundary term due to the essential boundary condition

q=0
/V~uqu:—/u-qux:/fqu,
Q Q Q

which leads to the variational formulation

Find (u,p) € L*(Q)* x H}(Q) such that

‘ . _ 2(0\3
{fgu vdx 4 [uVp-vdx =0, Vv e L*(Q) (12.39)

Jou-Vgdx = — [ofqdx, Vg€ H}(Q)

Note that this formulation actually contains the classical variational formulation for the Poisson
equation. Indeed for ¢ € H} (Q), Vg € L*(Q)? can be used as a test function in the first equation.
And plugging this into the second we get

/Vp-quX:/fqu, Vg € H)(Q).
Q Q

First mixed formulation of the Stokes problem
We consider now the Stokes problem for the steady-state modelling of an incompressible fluid

—Vu+Vp=f in Q,
V-u=0 in Q, (12.40)
u=0 ondQ,

For the variational formulation, we take the dot product of the first equation with v and integrate
over the whole domain

—Au—+Vp)-vdx= | Vu:Vvdx+ | Vp-vdx= | f-vdx
( p p
Q Q Q Q
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The integration by parts is performed component by component. We impose the essential boundary
condition v = 0 on d€, and we denote by

3 3
/VUZVVdX: Z/Vu,--VvidX: Z /8]~u,-8jv,-dx.
Q i—17/Q Q

We now need to deal with the constraint V-u = 0. The theoretical framework for saddle point
problems requires that the corresponding bilinear form is the same as the second one appearing
in the first part of the variational formulation. To this aim we multiply V -u = 0 by a scalar test
function (which will be associated to p) and integrate on the full domain, with an integration by
parts in order to get the same bilinear form as in the first equation

/V-uqu:—/u-quX:O,
Q Q

using that ¢ = 0 on the boundary as an essential boundary condition. We finally obtain the mixed
variational formulation:

Find (u,p) € H} (Q)® x H}(Q) such that

(12.41)

JoVu:Vvdx + [, Vp-vdx = [of vdx, VVEH&(Q)3
Jou-Vgdx 0, Vp € H} (Q)

Second mixed formulation of the Stokes problem
Another possibility to obtained a well posed variational formulation, is to integrate by parts the
Jo Vp - vdx term in the first formulation:

/Vp-VdX:—/pV-VdX+/ pv-ndoz—/pV~vdx,
Q Q 2Q Q

using here p = 0 as a natural boundary condition. Note that in the other variational formulation the
same boundary condition was essential. In this case, for the second variational formulation, we just
multiply V-u = 0 by g and integrate. No integration by parts is needed in this case.

/V-uqu:O.
Q

This then leads to the following variational formulation:

Find (u,p) € H'(Q)? x L*(Q) such that

{ngUIVVdX —[opV-vdx = [f-vdx, YveH'(Q)3
0,

Jo V- -ugdx Vg € L*(Q) (12.42)

Galerkin approximation

Let us now come to the Galerkin discretisation. The principle is simply to construct finite dimen-
sional subspaces W, C W and V;, C V and to write the variational formulation (12.24) replacing W
by W, and V by V},. The variational formulations are the same as in the continuous case, like for
conforming finite elements. This automatically yields the consistency of the discrete formulation.
In order to get the stability property needed for convergence, we need that the coercivity constant ¢
and the inf-sup constant 3 are independent of /.
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Because V), C V the coercivity property is automatically verified in the discrete case, with a
coercivity constant that is the same as in the continuous case and hence does not depend on the
discretisation parameter /.

Here, however, there is an additional difficulty, linked to the inf-sup conditions, which is
completely dependent on the two spaces V,, and W,,. By far not any conforming approximation of
the two spaces will verify the discrete inf-sup condition with a constant 3 that is independent on .
Finding compatible discrete spaces for a given mixed variational formulation, has been an active
area of research.

The variational problem for the Galerkin approximation is Find (up, py) € Vi, x Wy, such that

{ a(up,vp) + blvi,pn) = Iy(va) Vv €V (12.43)
b(un,qn) = lw(qn) Yan €Wy
Let us introduce the operator By, : V), — W,; such that
(Buitn, pr)w; v, = b(un, pn) ¥ (un, pn) € Viy X W (12.44)
and its nullspace
Ker By, :={vj, € Vi, Vg, € Wy, b(vi,qn) =0} (12.45)

The following proposition states the conditions under which the Galerkin approximation of the
problem (12.43) admits a solution

Proposition 12.3.3 The variational problem (12.43) admits a unique solution if and only if
1) there exists oy > 0, such that

inf osup S oo (12.46)

LlhEKer By VheKer By Huh”VthHV

2) there exists 8, > 0 such that
b(u
inf sup L) o g (12.47)
Wi v,ev, [vallv llanllw
R) The second condition is equivalent to assuming By, is surjective.

Finally, we state the following lemma which is equivalent to Cea’s lemma.

Lemma 13 Under the assumptions of theorem 12.3.3, we have
a) if Ker B;, C Ker B,

fu—wally < (144 ) (1452 inf flu—vilv
lp = pallw < A,?—( M) (1+Mb>vmf [l —=vallv (12.48)
nE
(1) int o —anllw

b) otherwise,

=iy < (1) (1442 ) inf vy

VhEV)
+o inf NP —anllw
' ane
M, (12.49)
[P = pallw < 7(1+7> (1+ ”) inf [ju—vp|lv
ﬁ ﬁ viEVy

F(E g ) ot - gl

ap B
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Examples

Matrix form of the first mixed formulation of the Poisson problem

Let V}, and W}, be subspaces of finite dimensions of H(div,Q) and L?(Q) respectively, leading to a
stable discretization of the variational problem (12.38). We shall assume that

Vi =span{%¥;, 1 <i<Ny,}

and

Wy, = span{¢;, 1 <i < Nw,}
where Ny, and Ny, is the dimension of Vj, and W, respectively. For uy, € V,, and p, € W),, we can
write

Ay, Nw,

uy =Y ¥, pn=Y3 pj®;
j=1 j=1
By taking v = ¥; in the first equation of the variational formulation, we get
Ny, Ny,
Zuj/ ¥, ¥ dx— ij/ ¢;V-Widx=0, V1<i<Ny,
=1 e =1 /e
By taking g = ¢; in the second equation of the variational formulation, we get

Niv

Zuj/V-‘I’jqbidx:/f(pidx, V1<i<Ny,
= e Q

Find (U,P) € RMi x RN such that

(ﬁT g) <g> a (2) (12.50)

where the matrices A and B are given by
Al"jI:/"Pj“PidX, lgi,jSNVh
Q
B j:= _/ o;V-Widx, 1<j<Ny, 1<i<Ny,
Q

Eiz—/f¢[dx, 1§l§NWh
Q

Matrix form for the second mixed formulation of the Poisson problem
Let Vj, and W, be subspaces of finite dimensions of L2(Q)* and H} (Q) respectively, leading to a
stable discretization of the variational problem (12.39). We shall assume that

Vi = span{%¥;, 1 <i <Ny}

and
Wy, = span{¢;, 1 <i < Ny,}

where Ny, and Ny, is the dimension of Vj, and W, respectively. Following the same approach as
before, we get the matrix form of our variational formulation
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Find (U,P) € RMi x RMi such that

(o o) ()= (Z) 1231

where the matrices A and B are given by
Ai,j::/lpj-\l‘idx, 1§l,]§NVh
Q
Biji= [ Vo Widx, 1<j<My, 1<i<My
Q

Fim— [ foidx, 1<i<Ny,
Q

First mixed formulation of the Stokes problem

Let Vj, and W}, be subspaces of finite dimensions of H{ (Q)? and H} (Q) respectively, leading to a
stable discretization of the variational problem (12.41). We shall assume that

Vi =span{¥;, 1 <i <Ny, }

and
Wy, = span{¢;, 1 <i < Ny, }

where Ny, and Ny, is the dimension of Vj, and W), respectively. Following the same approach as
before, we get the matrix form of our variational formulation

Find (U,P) € RMi x RN such that

#96)-0

where the matrices A and B are given by
Ai7jI:/leZ‘PidX, léi,jSNVh
Q
B ; 32/ Vo;-Widx, 1<j<Ny, 1<i<Ny,
’ Q

Fiiz/f-‘PidX, lSiSNWh
Q

Second mixed formulation of the Stokes problem
Let V}, and W}, be subspaces of finite dimensions of H!(Q)* and L?(Q) respectively, leading to a
stable discretization of the variational problem (12.42). We shall assume that

Vi = span{¥;, 1 <i <Ny}

and
Wy, = span{¢;, 1 <i< Ny, }
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where Ny, and Ny, is the dimension of Vj, and W, respectively. Following the same approach as

before, we get the matrix form of our variational formulation

Find (U,P) € R™i x RMi such that

(7 0)(»)=(0)

BT 0)\pP) \O

where the matrices A and B are given by
A; ;= /Q‘Pj (Widx, 1<i,j <Ny,
Bl-7j::—/Q¢J-V-‘P,-dx, 1<j<Ny, 1<i<Ny,

Fi::/f-‘PidX, 1 <i< Ny,
Q

(12.53)

12.4 Problems

TODO
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TODO
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14. Isogeometric Finite Elements

Sobolev estimations under h-refinement

Approximation properties without mapping
We consider a computational domain & := (0,1)¢, with d > 1. Given d knot vectors for each

direction T(®) := {t(()a), e ,t,(l:lpﬁl}. For o € {1,---,d}, we denote Ii(a) = (ti(a),ti(fl)) and by

construction we have tég) =0 and z,iﬁ” = 1. We shall denote I := (0,1), i.e. Q& =1¢. The d knot
vectors will define a natural triangulation of €2, which we denote 2,,(Q) (the subscript & will

be made clear later). An element of Q € 2,(Q) is of the form ® Il.(:), for some multi-index
1<a<d

i:= (i1, - ,iz). We will denote the element size of Q € .2,,(Q) by hg := diam(Q), moreover, we
shall define hg ¢ for 1 < o < d as the length of Ii(a), while 7 := max_hg will represent the global
' ¢ 0e2,()
mesh size.
We shall also assume our mesh to be locally quasi-uniform, meaning, there exists a constant
0 > 1 such that

By
h

i 1&

< <8, Vi<a<d (14.1)

| =

()
Iia+l7a

For every element Q we define its extension as the union of supports of non-vanishing B-Splines
on Q, which we will denote by Q, (see figure ??). Finally, the a-coordinate will be denoted by 1
forall 1 < o <d.

We recall that the Schoenberg space of degree p and associated to the knot sequence T is
denoted by ., (T). Another equivalent notation would be .7 (T*) (or simply .7/ for the sake of
simplicity), where as usual 7* denotes the set of breakpoints associated to 7' and u is a sequence of
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1.0 ~

0.8 1

0.6 1

0.4

0.2 1

0.0 ~

Figure 14.1: An element Q and its extension Q for an open knot sequence, with quadratic B-Splines.
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multiplicities of each breakpoint. More generaly, in higher dimensions, the Schoenberg space is
defined by tensor product

Vi= Q) S5 (14.2)

1<a<d

Finally, we shall denote by I, a quasi-interpolant on V;,.
Let us introduce the following space of functions, which will be needed to define the bent
Sobolev space:

25(1) == {f € L*(I); D" f(t;) = D" f(t;), VO<k<min(s— 1), V1<i<n—1}

(14.3)
We define the bent Sobolev space on [ as
A1) ={f € LX(I), flo € H'(Q), YQ € 24(I) and [ € 1} (14.4)
The bent Sobolev spaces are endowed with the broken norm and seminorms
17135 W= Y ’f@ff(z) (14.5)
0<j<s
where
einy= Y i (14.6)
Le2,()

In higher dimensions, the bent Sobolev spaces are defined by tensor product, for a multi-index
s=(s1, - ,54q), as follows

A5Q) = & (I (14.7)

1<a<d

which are endowed by the tensor-product norm and seminorms.
For any sufficiently regular function f : Q — R, we shall define the partial derivative operator of
order r (a multi-index)

. " ...d" 148
Dfi=w—=—F :
I=onr o (14.8)
Finally, for any union A C Q of elements of the triangulation 2, (), we will define
117204 = ) 1£11Z2(0) (14.9)

0c2,(®) and gca

The following proposition gives a local anisotropic estimation of the best approximation.

Proposition 14.1.1 — Anisotropic estimation in 2d. If 0 <r <s < p+ 1, there exists a constant
C(p, 8) such that for all elements Q € 2,,(Q), we have

HDr(f_Hf)HU(Q) <C <h3;” HD(SIJZ)fHLz(é) +th2,;rzHD(r“SZ)f”L%(Q)) (14.10)

for all f € s200m)(Q) N2 19)(Q).
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Figure 14.2: The triangulation 2,,(Q) in the logical domain and its image 2,(Q), under the
mapping F. An element Q € 2,,(Q) is mapped onto K € 2;,(Q).

Approximation properties with mapping
We now turn to the general case, where the domain Q := F(Q) with F : RY — R is a one to one
map. We shall use the results from the previous section on €, and then assume that  := (0,1)4.
The o-coordinate will be denoted, in this case, by x for all 1 < o < d. Q will be subdivided into
elements K := F(Q) where Q € 2,(Q), hence 2,,(Q) := F(2,,(Q)). Moreover, every extension
K of K is also of the form F(Q) with K = F(Q).

In order to define the bent Sobolev space, we will first introduce the following broken norms
and seminorms

2 o 2
g = L P (14.11)

0<j<s

where

) = Y DA 1172 k) (14.12)
Ke2,(Q) S.t. KCA

Finally, we shall consider the bent Sobolev space 75 as the closure of C*(€) with respect to the
norm || - [| . We can now state the approximation theorem on the bent Sobolev space, which is
suitable for anistropic estimates.

Theorem 14.1.2 If 0 <r <s < p+ 1, there exists a constant C(p, 6, F) such that for all elements
K € 2,(Q), we have

1f =T f gy <€ (hié,fr' 1 et ) +h§§§r2HfH,fF(rm(g)) (14.13)

for all f € S20172)(Q) N2 152)(Q).
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Corollary 14.1.3 If 0 < r < s < min(p) + 1, there exists a constant C(p, 6,F) such that for all
elements K € 2;,(Q), we have

1 =TI f Ny < Chig " f e i) (14.14)
and

If =Tuf ) < CE || fllas) (14.15)
for all f € H°(Q).

Galerkin approximation

As in the previous section, we shall distinguish between the two cases with and without mapping.

Case without mapping

We consider a first coarse mesh, which is given in this case by one element in each direction

Q = (0,1)?. Then we define a sequence of d knot vectors ({TA(,‘X), I1<a<d }>N . such that
>

Al]im hy = 0 where hy is the diameter associated to the triangulation endowed by the knot vectors
—»00

(1%, 1< a<dy}.

R) Creating such a sequence of knot vectors can be done through the insertion of knots, as
presented in the CAD part of this lecture.

For every N, we have a Schoenberg space associated to the knot vectors {TI\(,O’), 1 < a <d}, which
is denoted by V,.

Matrix form for Poisson:
We consider the Poisson problem with Homogeneous Dirichlet boundary conditions, for which the
variational problem writes: Find u € H} (Q) such that

[vu-vv dn:/fv dn, WeHNQ) (14.16)
Q Q

One can create a subspace of H(} (fl) from the tensor product of Schoenberg spaces (14.2), by
removing the first and last B-Splines, which are interpolatories (equal to 1) at the endpoints in every
direction, which we will denote by V}?. From now on, we shall use multi-indices and introduce the
tensor B-Splines functions

NP(n):= ] N“(na) (14.17)

1<a<d
where n = (N1,---,M4), p=(p1,--+,pa) and i = (iy,-- - ,iyg). Using these notations, we have
V, =span{N?; 0 <i<n} (14.18)
while
VY =span{N/; 1 <i<n-—1} (14.19)

where n = (ny,--- ,ng).
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The discrete variational formulation is: Find u € Vh0 such that

[vu-vv dn:[fv dn, wev (14.20)
Q Q

Letuy € V,,? such that uy =) u jNﬁ.j. Then the weak formulation for the Poisson equation writes
< ,

Zuj/QVNﬁ’j-VNﬁd dn:/fszﬂi dn, Vi<i<n-—1
J

In practice, in order to store these terms, we will need to have a reordering of the indices so that
we map the set of multi-indices {1 <i <n— 1} onto a set of 1d indices {1 <1 < N}. Using this
reordering, we get the following linear system

MU =F

where U denotes the coefficients (u;, 1 <J < N) and F is a vector consisting of the terms
fﬁ fNﬁ,i dn for 1 <i < n—1. Finally, the matrix M is called the stiffness matrix and its entries
are defined as

_ P unP
MIJ_/QVN#’j VNﬂ,i dn

Exercise 14.1 We assume in this exercise d = 2. Show that solving the associated linear system
to the Poisson problem is equivalent to
Find X € R~ x R~ such that

S1XMr +M XS, =F (14.21)

where the vector of unknowns (and right hand side) are viewed as matrices in X € R™ 1T Rm-1,

Matrix form for the Biharmonic problem:

We consider the Biharmonic problem (12.15), for which the variational formulation is given by
Find u € V such that

a(u,v)=I1v) YweV (14.22)

with V := H}(Q) and
a(u,v) ::/ Aulvdx, (L,v)= / fvdx
Q Q

Because of the Sobolev embedding, functions in V can be seen as C'(Q). Therefor, we have to
create the Schoenberg spaces in such a way the global regularity is at least C'. This leads to a
condition on the multiplicity of the interior knots and is ensured if we take p > p + 1, with p > 2.
The discrete space V,? must fulfill another condition, which is related to the constraint Vi-n =0
on dQ. Now, since the first derivative of a B-Spline curve is only defined by the two first control
points, having # = 0 and Vu-n = 0 on the boundary is equivalent to set the first and last two control
points to be exactly 0. Hence, our discrete space is defined as

VY =span{N?; 2 <i<n-2} (14.23)
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Figure 14.3: Coarse mesh in the logical and physical domain induced by a quadratic representation
using two Bézier patchs for each quarter of the annulus. In the radial direction, linear splines are
used.

The discrete variational formulation is: Find u € V}? such that

/AM-AV dn:/fv dn, wev (14.24)
Q Q

Let uj, € V0 such that u, = Y u;N? .. Then the weak formulation for the Biharmonic equation
h Ui, j q
J

writes
Zuj/QANﬁ,,--ANﬁ,,- dn = /QfNﬁ,,- dn, Vi<i<n-1
J

In practice, in order to store these terms, we will need to have a reordering of the indices so that
we map the set of multi-indices {2 < i < n—2} onto a set of 1d indices {1 <1 < N}. Using this
reordering, we get the following linear system

MU =F

where U denotes the coefficients (u;, 1 <J < N) and F is a vector consisting of the terms
fﬁ fNﬁ,i dn for 2 <i < n—2. Finally, the matrix M entries are defined as

_ P ANP
M”_\/QAN“’J' ANﬂvi dn

Case with mapping

In this case, the coarse mesh is given by the mapping F if it is discrete (constructed using B-Splines
or NURBS). Let us denote Vg the Schoenberg space associated to the mapping F. We shall denote
{TF(a), 1 < a < d} the knot vectors associated Vg, the corresponding multiplicities to the beakpoints
will be denoted py, for every 1 < o <d.
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Figure 14.4: Coarse mesh in the logical and physical domain induced by a cubic representation
using one Bézier patch. In the radial direction, linear splines are used.

The family of discrete subspaces needed for the Galerkin approximation, must be created such that
the breakpoints of Téa) are contained in TA(,(X), for every 1 < o < d. There are two reasons for this
constraint:

1. A theoretical one, due to the definition of the bent Sobolev spaces,

2. A computational one, due to the quadrature rule that will be used on each element Q € 2,(Q)
of the logical domain.
In figure 14.3, we show a parametrization of half of the annulus using quadratic B-Splines (NURBS)
in the angular direction, with the knot vector {0,0,0, %, %, 1,1,1}. In the radial direction, we use
linear B-Splines with the knot vector {0,0,1,1}. This leads to a coarse mesh of two elements in
the first parametric direction and one in the second direction.

In figure 14.4, we show a parametrization of half of the annulus using cubic B-Splines (NURBS)
in the angular direction, with the knot vector {0,0,0,0,1,1,1,1}. In the radial direction, we use
linear B-Splines with the knot vector {0,0,1,1}. This leads to a coarse mesh of one element in
each parametric direction.

Given a coarse parametrization of the domain, we can use the h-refinement strategy which is

achieved by inserting new knots in each direction.

Matrix form for Poisson
The discrete subspaces are defined as

VP =span{N’oF ', 1 <i<n-—1} (14.25)

where n = (ny,--- ,ng).
The discrete variational formulation is: Find u € V/? such that

/Vu~Vvdx:/fv dx, Wwev (14.26)
Q Q
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Figure 14.5: The mapping used in Fig. 14.4 after inserting 3 new knots in each direction, leading to
4 elements in each direction.

Figure 14.6: The mapping used in Fig. 14.4 after inserting 7 new knots in each direction, leading to
8 elements in each direction.
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The next step is to map back the gradients from the physical domain to the logical one. Since for
any function u we have,

Vu(x) = (2F) T Vu(F ! (x)) (14.27)

we can plug this expression in (14.26) which will lead to a kind of general elliptic problem on
the logical domain. It is important to notice that for performance issues, we will not invert the
jacobian matrix everytime, but rather computing the inverse analyticaly (or symbolicaly) in 2d and
3d.

I Exercise 14.2 Find the matrix form for the Biharmonic problem in the case where a mapping
is used. "

14.3 Exact DeRham sequences
In the sequel, we shall give exact DeRham sequences based on B-Splines in R for d = 1,2,3. We
assume that the domain Q is simply connected. Let us first recall that in 1D, DeRham sequence is
reduced to
H'(Q) —Y— [X(Q)
in 2d, we have two sequences
H'(Q) —Y— H(cur, Q) —— [2(Q)
and
H'(Q) —2 5 H(div,Q) ——— L[*(Q)
while in 3d, we have the following sequence
H'(©Q) —Y— H(cur,Q) — % H(div,Q) —Y— I[XQ)
For simplicity, we shall introduce the operator d, that corresponds to the appropriate operator (V,
Vx, ...) for a given space, and rewrite our diagrams as
- 1D case:
H(Q) -5 129 (14.28)
- 2D case:
H'(©Q) - H(cul,Q)-LH 12(Q) (14.29)
H'(Q) -4 Hdiv,Q) -5 12(Q) (14.30)
- 3D case:

H'(Q) -4 H(eul,Q) -5 H(div,Q) -5 [2(Q) (14.31)
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Exact sequence in 1D

We start by taking a subspace Vj,(grad, Q) C H'(Q). In 1D, V,,(grad, Q) is a Schoenberg space
associated to a given knot sequence 7. We know that both B-Splines and M-Splines can be
used as basis for the Schoenberg space. If we take the B-Splines as the canonical basis on
Vi(grad, Q) := span{N’”,0 < i <n }, we know that every function u € V,,(grad, Q) can be written
as u =Y u;N?. By taking its derivative, we get

1

u = Z”i (Nip), = Z(—ui,l —|—u,')Mip*1
i

1

since
P/ p—1 p—1
(Ni ) =M;  —M,
Now if we introduce the space Vj,(L?, Q) := span{M" ! ,0 <i<n}. We just have shown that
Yu € Vy(grad,Q), u' € V,(L*, Q) (14.32)

On the other hand, it is clear that the operator d is surjective (for any function u € V;,(L?,Q), the
function [ u(t) dt is clearly in Vj(grad, Q)). This is summarized in the following diagram

Vi(grad, Q) —1— V,(L2,Q) (14.33)
where
Vi(grad, Q) =7 :=span{N’, 0<i<n}
2 Y p—1 . (14.34)
Va(L*,Q) =4, =span{M; ,0<i<n}

R) Letus introduce the B-Splines coefficients vector u := (u;), ;, (and u* for the derivative),
we have o

u = %u (14.35)

where & is the incidence matrix (of entries —1 and +1).

Exact sequences in 2D

Let us introduce the spaces

( Vi(grad,Q) =7 ®<51”,f§
P1— P2
Vi(cur,Q) = ﬁl’,‘lléjlfuﬁ
SO (14.36)
Vu(div,Q) = 7 ?/4‘2—1
My~ QT
Vi(2,Q) =T e

Lemma 14 We have the following properties
* VV,(grad,Q) C Vj(curl, Q)
o VxV(curl,Q) C Vi, (L2, Q)
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* V xVj(grad,Q) C Vj(curl,Q)
s V-Vy(curl, Q) C Vi, (L2, Q)

Proof. Can be deduced thanks to the property (14.32). |

Proposition 14.3.1 We have the following diagrams

Vi(grad, Q) —& V(curl, Q) —% V4 (12,Q) (14.37)

Vi(grad, Q) -5 V,(div,Q) -5 Vi(L2,Q) (14.38)

Proof. We shall restrict our proofto the sequence (14.37) and show that using the previous discrete
spaces, we maintain the same relationships as in the continuous case.

Since Q is simply connected, we know that in the continuous case, the kernel of the curl operator is
equal to the range of the gradient operator, i.e.

V(HY(Q)) =4 (Vx)

Showing the exactness of the discrete DeRham sequence means that the last property is preserved
in the discrete case. We shall then show that

V(Vi(grad,Q)) = A (Vx)NVy(curl,Q)
since fpr amm u € Vj,(grad, Q) we have V x Vu = 0, we get
V(Vi(grad,Q)) C A (Vx)NV(curl, Q)

In order to show the equality, it is enough to show that both spaces have the same dimension. But we
have dimVj,(grad, Q) = (n; +1)(n2 + 1). But since, Q is simply connected we hae dim .4 (V) =1
and therefor we have

dimV(V,(grad,Q)) = (n1 +1)(np+1)—1
On the other hand, we have

dimV(curl, Q) = dim (A (Vx)NVy(curl,Q)) +dim (Z(Vx) NVy(curl,Q))
=ni(n2+1)+ (n1+1)ny

meaning

dim (A (Vx)NVy(curl,Q)) = 2n1ny +ny +ny —dim (Z(V x) NV (curl, Q))
In order to show that

dimV(Vj(grad, Q)) = dim (A (Vx) NV, (curl, Q))
it is then enough to show that

dim(Z(Vx)NVy(curl,Q)) =niny

but since the operator Vx : V,(curl, Q) — V;,(L?, Q) is surjective (proof similar to the 1d case), we
deduce that V x (V,(curl, Q)) = V;,(L?, Q). Finally, we have dim V;,(L?, Q) = nyn, which completes
the proof. |
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R) The discrete derivatives in 2D are given by

N AZ
G = H®.@)
(12
C = _gol (14.39)
C =(-Ie2 2I)
D =(201 Ix2)
where we used the identity matrix L.
Exact sequence in 3D
Let us introduce the spaces
Vi(grad,Q) =.7'® ﬁﬁf; S
pP1— P2 P3
///”1,1 ®<7£,21 ® S,
Vi(eur,Q) = | Sl @47, ®§”f,’%
D1 P2 P3—
j’:ﬁ : 2‘152(81%‘;/_1731 (14.40)
Ky ®1 Hy—1 ® #3*%
Vi(div,Q) = ///ﬁll,i&sﬁ’; ®l///[{;1
Pi— P2— P
///#11_1 ®.//l“21_1 ®Y“;1
2 — pP1— P2— P3—
Vh(L ,Q) — %ﬂl—l ®%u2_] ®%”3_
Proposition 14.3.2 We have the following diagram
Vi(grad, @) -4 Vi(cur,@) —H Vi(div,Q) -5 V(I2,Q) (14.41)
R) The discrete derivatives in 3D are given by
211
G =|IegxIl
I 2
0 “IQI®? 19921 (14.42)
C =| Ivlewz 0 -72x1Ix1
“-Io2®] 92xI1xI1 0

D =(20Igl 19211 I”I®2)

where we used the identity matrix I.

14.3.1 Commuting diagrams
DeRham diagrams such as (14.28), (14.29), (14.30) and (14.31) can be extended with additional
operators. Among the important properties, one can build specific projectors that make these
diagrams commute. We shall start with the 1D case, then extend it by tensor product. For this
purpose, we take any interpolator, denoted by 17, (Fix-DeBoor for theoretical studies, or B-Splines
interpolator), quasi-interpolator or least-square approximation associated to a given knot sequence
T and degree p, and then we define the corresponding histopolation operator by

HYf = DI (x»—> /xf dx> (14.43)



14.3 Exact DeRham sequences 131

1D case

We then introduce the operators

pead . _pp
h r 14.44
{ PF =H (1349

Proposition 14.3.3 For any u € C*(Q), we have

dPE () = PF (du) (14.45)

I Exercise 14.3 Prove the previous proposition. "

These results are summarized in the following commuting diagram
Q) —L BQ)
ped P (14.46)
Vi(grad, Q) —5— V,(I2,Q)
2D case

We then introduce the operators

grad |

PEC = oI
p1—1 p

P]curl = HTll @ ITzi

1 I ©H; (14.47)

3 Ipl @ HPZ_l :

Ple = T | s

h Hﬁl_ @Iiz

L2 i1 pr—1
P =HP' ©HP

where the notation  to express the composition of operators on each coordinate, for example,
I oI f =17 (x> 17 (v = f(x,7)))

Proposition 14.3.4 For any u € C*(Q) and u € C*(Q), we have
1) for the first sequence (14.37)

d P& (1) = P (du) (14.48)
dP;l:url(u) _ P}{AZ (du) (14.49)
2) for the second sequence (14.38)

dPE () = PV (du) (14.50)
AP () = PE (du) (14.51)
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I Exercise 14.4 Prove the previous proposition. "
These results are summarized in the following commuting diagrams

v Vx

H'(Q) —— H(cul,Q) ——— L[*Q)
Phgrad‘ P,fuﬂ‘ PhLzl (14.52)
Vi(grad, Q) —S%— Vi(cur,lQ) —S— V4 (L2,Q)

and
H'(©Q) —2 % H(div,Q) ——— I[}Q)
P,fradl P,‘lii"l P,,Lzl (14.53)
Vilgrad, @) —S—  Vu(div,Q) —2 V,(L2,Q)

3D case

We then introduce the operators

;

P;:;rad — 1;1 @Iﬁz @I%

H]Izll_l @I;ZZ @I;;
wor o (ion ok
I%I ®I£2 @H]IZ;_

14.54
ooy (14.54)
P onp tony
koo
Pl =Hp' QHp  OHp
Proposition 14.3.5 For any u € C*(Q) and u € C*(Q), we have
dPE () = P (d ) (14.55)
AP (u) = PAY (du) (14.56)
4P (4) = PF (du) (14.57)
I Exercise 14.5 Prove the previous proposition. "

These results are summarized in the following commuting diagram

HY(Q) —Y— H(cul,Q) —2 % H(div,Q) ——— I}Q)

grad 1 di 2
P; l P;;url P Wl Pk l

Vi(grad, Q) —=— Vi(cur,lQ) —=— Vu(div,Q) —>— V4(L2,Q)
(14.58)
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14.3.2 Examples without mapping

Matrix form for H(curl,Q)-elliptic problem:

We consider the discrete variational formulation of (12.18), for which the associated matrix form
was given in (12.2.4). Here Vj, := V,(curl,Q). As in opposition to the previous chapter, we now
have an explicit expression for the basis functions, we shall use them to get a final matrix form that
can be implemented. For the sake of simplicity we shall introduce the scalar functions

1 _ agp1—1 P2 D3
lPJ - MﬂlflailN“Z’izN#%h

2 _ A7P1 p2—1 P3
\P] _NulvilMﬂz_l,izNu37i3

3 _ a1 P2 p3—1
lI]] _NulailNu27l'2M#3_17j3

1 0 0
we also define the vectors e; = [0 |, e, = [ 1| and e3 = | 0 |. Therefor, the expression of
0 0 1

u;, € Vy(curl, Q) becomes

u, = Z (u}-‘l’}el + u?‘P?ez + u;‘P;e3)

J

On the other hand, we have,

V x ‘I’}el = 8x3‘1’}-e2 — QX2‘P}e3
V x ‘I’?ez = —8x3‘1’§e1 + 0y, ‘P§e3
V x lI’j-e3 = 8x2‘P3-e1 - HXI‘P;’-ez

Because e; - e; = §;;, we get,

VxWe -V xWe =0,V 0, + 0¥} o, ¥
V x ‘I’}el VX Wle, = —&leP} o, ¥?
VxWie -V xWes=—0,¥) 0¥
V x Pley -V x Wley = 0,3 0,7 + 0y, 3 0y, ¥
V x ‘I’?ez VxWle; = —8,63\{‘% 0, V3
VxWies-VxWe=0,V; 0,¥; + 0,V 0, ¥}

we find that A is a symmetric 3 x 3 block matrix of the form

Ay A A
A= A;Z A2T2 Ax (14.59)
A13 A23 A3z
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where

Anij= /Qam‘l‘}&x;{’} +8xZ‘P}-8X2‘P} dx—i—/ﬂu‘P}‘P} dx
Apij= —/an;P}.axlw,?dx
Apij= —/an3‘P}8xl‘P?dx
Apij= /Q 00, W5 00, W7 + 0y, P 0, Wi dx + /Q pP3P; dx
Agsij = — /Q 0y, W2 0, W3 dx
Apij= /Q 00, V5 05, W] + 0., ¥ 0y, W] dx + /Q HPIP; dx
For the right hand side, the entries associated to each component of the vector f are given by
Fi= /QfI‘P} dx
Fyi= /Q £r¥2dx

F37[:/f3‘P?dX
Q

Matrix form for H(div,Q)-elliptic problem:
I Exercise 14.6 Compute the matrix form for the H(div,Q)-elliptic problem. .

Matrix form for Poisson using mixed FEM:

We consider the discrete variational formulation of (12.38), for which the associated matrix form
was given in (12.3.3). Here V, := V,(div, Q) and W, := V},(L?,Q). As in opposition to the previous
chapter, we now have an explicit expression for the basis functions, we shall use them to get a
final matrix form that can be implemented. For the sake of simplicity we shall introduce the scalar
functions

1 _ AP p2—1 p3—1
lPJ _NulvilMﬂz—lvizMﬂ3—17i3

2 _ agp1—1 P2 p3—1
lIJJ _Mﬂﬁl-,ilN#ZvizMﬂrl’g

3 _ a1 p2—1 D3
Yi=My 1, My, 1, Ny,

and
L a1 p2—1 p3—1
0i _Mul_l’iIMu2_17i2Mu3_l7i3
1 0 0
we also define the vectorse; = [0 |, e, = [ 1| and e3 = | 0 |. Therefor, the expression of
0 0 1

u;, € Vy(div,Q) becomes

_ Iyl AT 3yl
u —Z(MJ‘PJm +Mijjez+Mijje3)
J

Because e;-e; = 0; j» we find that A is a block diagonal matrix of the form
A;p O 0

A= 0 Axp O (14.60)
0 0 Az
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where
An,-,jz/glp}\}f}dx
Anij= /Q PrP dx

Az j= /Q ;W] dx

‘While for B we have
By
B=|B; (14.61)
Bj
where

Bli,j = —/ ¢j8xl‘l‘} dx
Q

BQ,‘J = —/£2¢jax2‘}’%dx

B3i,j = _/Q(Pjamlp?dx

The final matrix form is

A 0 0 B\ (U
0 Anp 0 B ||
0 0 A B3| |Us

BT BY BY o0 P

mo oo

with

Ez—/f¢,-dx, 1<i<Nw,
Q

Exercise 14.7 By exploiting the tensor structure of the basis, rewrite the matrix form in terms
of Kronecker products. "

Exercise 14.8 Write the matrix form of the second formulation (12.3.3) of the Mixed Poisson
problem. =

Matrix form for the Stokes problem:
We consider the discrete variational formulation of (12.42), for which the associated matrix form
was given in (12.3.3). Here V;, := V},(grad, Q) and W;, := V},(L%,Q). As in opposition to the previous
chapter, we now have an explicit expression for the basis functions, we shall use them to get a
final matrix form that can be implemented. For the sake of simplicity we shall introduce the scalar
functions

\P; = NﬁllvilNﬁ;izNﬁ;i3

2 __ aA7P1 D2 D3
le _NﬂlvilNﬂzvizNﬂzvg

3 __ APt P2 P3
lI]J' _N#IVilN#27i2Nl'l37i3
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and
¢_ :M‘Dlil 1‘4!72*1 MP3*1
J e P P e Y A [ Sl ST
1 0 0
we also define the vectorse; = [0 |, e, = [ 1| and e3 = | 0 |. Therefor, the expression of
0 0 1

u;, € Vy(div,Q) becomes

_ Iyl 2\qs2 g3
up —Z(u]‘PJel+u]‘P]ez+ul‘Pje3)
J

Because e; - e; = §;;, we find that A is a block diagonal matrix of the form

An 0 0
A= 0 Ay 0 (14.62)
0 0 Asn

While for B we have
By
B=|B, (14.63)
Bj3
where

Bl,-’j:—/ ¢;0y, ¥} dx
Q
BZi,j = —/Q¢j8xZ‘I‘?dx

B3i,j = —/£2¢18x3‘1’,3dx

The final matrix form is

Aqy 0 0 By Uy F
0 A22 0 Bz Uz o F2
0 0 A33 B3 U3 a F3
BT BY BY o0 P 0
with
Fl,i:/f-‘Pl-ldX
Q
Fz.’i:/f-‘{lide
Q

F3_’l‘:/f-‘y?dx
Q
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Exercise 14.9 By exploiting the tensor structure of the basis, rewrite the matrix form in terms
of Kronecker products. "

Exercise 14.10 Write the matrix form of the second formulation (12.3.3) of the Mixed Poisson
problem. L

Pullbacks
In the case where the physical domain Q := .7 (Q) is the image of a logical domain & by a smooth

mapping .7 (at least €''), we have the following parallel diagrams (14.64)

H'(©Q) —Y— H(cur, Q) — & H(div,Q) —Y— [XQ)

zﬁ zﬁ zﬁ 13[ (14.64)

A

H(Q) —Y— H(ul,d) —2 5 H(div,Q) —Y— 12(O)

Where the mappings °,:!,:? and ¢* are called pullbacks and are given by Eq. (14.65), (14.66),
(14.67) and (14.68). with D.% is the jacobian matrix of the mapping .%. We recall that the pullbacks

P9:= x—=¢oF (x) VéeH (Q) (14.65)
M= x— (2F) TEF(x) V¥ € H(curl,Q)
(14.66)
ro= x— ;.@F@(F’l(x)) V& € H(div,Q)
(14.67)
Ppi= x—pF'(x) VpeL*(Q) (14.68)

1,11,1% and 1? are isomorphisms between the corresponding spaces, with :! and i? are the Piola
transformations.

I Exercise 14.11 Write these matrices in an explicit form, using symbolic calculus or analyticaly.
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Examples with mapping

Matrix form for H(curl,Q)-elliptic problem:

TODO

Matrix form for H(div,Q)-elliptic problem:
TODO

Matrix form for Poisson using mixed FEM:

TODO

Problems
TODO
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16. Kronecker Algebra

16.1 Kronecker algebra

In this section, we present an overview about an interesting subject, which is the Kronecker Algebra,
and which will be of a big interest in the Fast-IGA approach. Most of the presented results were
taken from [11, 20].

Definition 16.1.1 — The vec operator. Let A = (a;;) € .#yxm, the vec operator is defined as,

A:71
vecA = : eR™ (16.1)
A

31

which is simply a vector composed by stacking all the columns of A. Where we denote A. ; the
7 column of A.
We also define the inverse operator of vec by,

A = vec 'vecA (16.2)

Definition 16.1.2 — Kronecker product. Let A = (a;;j) € Mpxn and B = (b;j) € My be two
matrices. The Kronecker product of A and B, denoted by A ® B € s, defines the following
matrix:

allB alzB s alnB
a B apB - ayB
ARB= . . . (16.3)

amB apB --- au,B
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Example
Let
ay a by b

A= i) =002

then their Kronecker product is,
anbi anbiy anbn  anbi;
AB=| L b b b (164
anbar  anbyn  anby  anbn

Properties
Proposition 16.1.1 If « is a scalar, then

AR0B=0A®B (16.5)
Proposition 16.1.2 We have,

(A+B)®C=ARC+B®C (16.6)

A®(B+C)=ARB+A®C (16.7)
Proposition 16.1.3 — Associativity.

ARBRC=A®(BRC)=(A®B)®C (16.8)
Proposition 16.1.4 — Mixed Product Rule.

(A®B)(C®D) = AC®BD (16.9)
and,

(A®B)? =AP®BP, VpeN (16.10)
Proposition 16.1.5

(AoB)T =AT @B (16.11)
Proposition 16.1.6

(AoB) '=A"loB™! (16.12)
Proposition 16.1.7

vec(ABC) = (CT @ A)vec(B) (16.13)
Proposition 16.1.8

tr(AQB) =tr(BRA) = tr(A)tr(B) (16.14)
Proposition 16.1.9 Let A € #),«, and B € M,;,5;n, We have,

mspec(A®B) = {Au, A € mspec(A), u € mspec(B)} (16.15)
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Proposition 16.1.10 LetA € .#,,«,, and B € .#,,,«,», Wwe have,
det(A® B) = (detA)" (detB)" (16.16)

We deduce from 16.15,
Proposition 16.1.11 Let A € .#,,x,, we have,

P(A®A) = p(A)? (16.17)
Proposition 16.1.12 Let f be an analytic function, A € .#,,, such that f(A) exists, then we have,

fLn®A) =1,® f(A) (16.18)
fAR L) = f(A) @Iy (16.19)

Proposition 16.1.13 Let X € R” and Y € R™, be two vectors. We have,
XYT=xoxH=0"Hex (16.20)
moreover, we have,
vee(XY) =Y ®X (16.21)

Definition 16.1.3 — Kronecker permutation matrix. The Kronecker permutation matrix
Pym € Mumxnm, is defined by,

n,m

Pum =Y, Eijuxm @ Ejimxn (16.22)
ij=1

Proposition 16.1.14 Let A € .#,,x,, We have,
vec(AT) = P, ,vec(A) (16.23)

Proposition 16.1.15 Let us consider the Kronecker permutation matrix P, € .#unxnm. Then we
have,
* Bl =Fon = Fun
* P, 1s orthogonal,
Pn,um,n = Inm
* P, is orthogonal, symmetric and involutory,
* P, is areflector,
* trb,,=n,
° Pl,m = Im, and Pn71 = In
e if X e R"and Y € R™, then,

Pn(Y®X)=XQ®Y (16.24)
o ifA e #,mand B € M, then

P, (AR B)P,s=B®A (16.25)
e if A€ . #,x, and B € M, then

Poun(A®B)Pyy = Pun(A®B)P,, =B®A (16.26)

Therefor, A® B and B® A are similar.
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Proposition 16.1.16 Let A € .#,,»,, and B € .#,;»m, then we have the following properties,
* if A and B are diagonal, then A ® B is diagonal,
 if A and B are upper triangular, then A ® B is upper triangular,
* if A and B are lower triangular, then A ® B is lower triangular,

Proposition 16.1.17 Let A,C € .4,y and B,D € . If A is (left equivalent, right equivalent,
equivalent) to C, and assume that B is (left equivalent, right equivalent, equivalent) to D. Then,
A ® B is (left equivalent, right equivalent, equivalent) to C ® D.

The use of Kronecker product preconditioners is well known [Langyville_Stewart, Elisabeth_Ullmann,
GRIGORI:2008:INRIA-00268301:5, 14], it is based on results of the form,

Minimizing,  ¢4(B,C) = ||A —B®C|? (16.27)
for a chosen norm.

Kronecker sum
Definition 16.1.4 — Kronecker sum. Let A = (a;;) € My« and B = (bjj) € Myxm be two

matrices. The Kronecker sum of A and B, denoted by A ® B € .4, xmn» defines the following
matrix:

A®B=A®I,+1,®B (16.28)
Proposition 16.1.18 LetA € .#,,»,, and B € .#,,,x,», Wwe have,

mspec(A®B) ={A+u, A €mspec(A), u € mspec(B)} (16.29)

Solving AX +XB=C
LetA € Myxn, B € Muyxm and C € My «n. The aim of this section, is to solve the equation:

AX+XB=C (16.30)
we can rewrite this equation in term of the Kronecker sum:

(BT @ A)vecX = vecC (16.31)
or equivalently,

Gx=c (16.32)
where, G = (BT ®A), x = vecX, and ¢ = vecC.
Using the property 16.29, we can easily check that 16.30 has a unique solution if and only if G is
nonsingular, .e A + 1 # 0, VA € mspec(A), Vu € mspec(B), which can be written in the form,

mspec(A) Nmspec(—B) =0 (16.33)

Proposition 16.1.19 If mspec(A) Nmspec(—B) = 0, then there exists a unique matrix X € 4, x,

satisfying 16.30. Moreover, the matrices < g —CB ) and < g _OB ) are similar and verify,

(5 5%)- ()G %) G )
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Solving AXB=C
LetA,B,C and X € .#,,. As seen previously, using 16.13, the equation

AXB=C (16.35)
can be written in the form,
Hx=c (16.36)

where, H = (BT ® A), x = vecX, and ¢ = vecC.

Using the property 16.15, we can easily check that 16.35 has a unique solution if and only if H
is nonsingular, i.e Ay # 0, VA € mspec(A), Vu € mspec(B), which is equivalent to, A and B are
both nonsingular.

Solving }/_A;XB; =C
Let A;,B;,C, 1 <i<randX € .#,x,. Using, the previous result, it is easy to show that the
solution of:

zr:AiXBi =C (16.37)
i=1
can be written in the form,
Hx=c (16.38)
where, H =Y, (Bf ® A;), x = vecX, and ¢ = vecC.

Problems
TODO
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TODO
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